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ABSTRACT: In this paper we study surface operators in N/ = 4 supersymmetric Yang-
Mills theory. We compute surface operator observables, such as the expectation value of
surface operators, the correlation function of surface operators with local operators, and
the correlation function of surface operators with Wilson and 't Hooft loops. The calcu-
lations are performed using three different realizations of surface operators, corresponding
respectively to the gauge theory path integral definition, the probe brane description in
AdSs x S° and the “bubbling” supergravity description of surface operators. We find re-
markable agreement between the different calculations performed using the three different
realizations.
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1. Introduction and summary

In gauge theories, nonlocal operators can be understood as operators that insert a probe

into the theory. Well known are the Wilson and ’t Hooft operators, which are characterized

geometrically by a curve in spacetime. A Wilson loop inserts into the theory a point-like

charged particle while an ’t Hooft operator inserts a magnetic monopole. These operators

play an important role as order parameters of various phases of gauge theory.



A surface operator on the other hand is characterized geometrically by a surface ¥ in
spacetime. This surface corresponds to the worldsheet spanned by a probe string that the
surface operator inserts in spacetime. A surface operator Oy, measures the response of the
external string with which the field theory is probed, and therefore these operators may
enlarge the list of known order parameters in gauge theories.

In N =4 SYM two types of supersymmetric surface operators have been studied. One
is akin to the 't Hooft operator in that it is an operator of disorder type, characterized by a
certain supersymmetric vortex-like singularity near a surface  [fl]. One can also construct
a supersymmetric surface operator of order type [ff], akin to a Wilson loop operator, which
inserts into the N' = 4 SYM path integral the WZW action integrated over X together
with an associated Chern-Simons term, where the WZW action is constructed out of the
N =4 SYM gauge field along ¥ (see also the work in [§).!

In this paper we go beyond identifying and classifying these operators and perform
three classes of computations with the surface operators Ox. We first study properties as-
sociated to the surface operator Oy, itself, namely evaluating its expectation value. Then we
consider the interaction of a surface operator Oy, with local operators, including chiral pri-
mary operators and the stress-energy tensor. And then we analyze the interaction between a
surface operator Oy, and other non-local operators in the gauge theory — certain supersym-
metric Wilson loops and 't Hooft loops. These correlators exhibit a rich dependence on the
parameters that a surface operator Oy, is characterized by, which we review in section 2.1.

We study the disorder surface operators Oy, of [l by using three alternative realizations
of them. In the first one we use the gauge theory definition in terms of supersymmetric
codimension two singularities in the A" = 4 SYM path integral [[]. In the second, a surface
operator Oy is realized in terms of a configuration of D3-branes ending on the boundary
of AdSs x S° along the surface 3, which realizes the boundary conditions corresponding to
a surface operator Oy, in the gauge theory living on the boundary. The third description
of surface operators Oy is in terms of “bubbling” geometries — ten dimensional solutions
of Type IIB supergravity which are asymptotically AdSs x S°. They were proposed in
as the gravitational description of surface operators and are related to the solutions of Lin,
Lunin and Maldacena (LLM) [, f] by analytic continuation.

While these correlation functions are computed using a variety of techniques, ranging
from purely field theoretical to string theoretic calculations using strings, branes and su-
pergravity solutions, the results are very coherent. A rather complete picture arises that
allows us to study the properties of surface operators in N' =4 SYM in different regimes
of the gauge theory parameter space. It is quite remarkable that the results of our compu-
tations computed in various regimes of N’ = 4 SYM show agreement with each other. The
computations performed using semiclassical techniques in the gauge theory agree with the
computations we perform using a bulk dual string theory computation.

The three realizations of a surface operator Oy, are valid in different regimes of the
gauge theory parameter space. The semiclassical gauge theory description is appropriate at

! Disorder surface operators with higher pole singularities have been constructed in [E] while rigid disorder
surface operators have been studied in [E] Disorder surface operators have also been considered in [H]



weak 't Hooft coupling A < 1. The probe D-brane description of a surface operator is valid
when N > 1, A > 1 and when the number of D3-branes making up the corresponding
surface operator is small. Finally, the supergravity description in terms of “bubbling”
geometries is appropriate when N > 1, A > 1 and when the surface operator Oy is
characterized in the probe description by a large number of D3-branes, in which case
the backreaction of the D3 branes cannot be neglected. Nevertheless, surprisingly, we
obtain quantitative agreement when the the same computation involving surface operators
is performed using the different realizations of Os.

Summary of results. Before getting into the details of the calculations in the following
sections, let us elaborate a bit on the quantities we compute in this paper.

The first quantity we calculate is the expectation value of the surface operator Os.
In this paper we consider maximally supersymmetric surface operators Oy, which can
have the geometry of the plane or of a sphere, that is ¥ = R? or S2. Naively, one may
think that in a conformal field theory like N’ = 4 SYM, that the expectation value of
Oy, cannot depend on the radius a of the S? on which Oy is supported. However, just
as for local operators, surface operators can have conformal anomalies which introduce a
non-trivial scale-dependence. Conformal invariance, however, restricts the functional form
of the expectation value to be

(0) =Ca?, (1.1)

where in principle both C' and A can depend on the coupling constant of the theory.?
We have calculated these quantities in the semiclassical approximation of the gauge the-
ory and also in the probe approximation, where a surface operator Oy, is described by a
configuration of D3 branes. In both regimes we find that

C=1, A=0. (1.2)

This result is rather different from the one obtained for surface observables in the six-
dimensional (0,2) theory dual to string theory on AdS7 x S*, where the dimension A is
non-zero [[[q-[[4].

We then calculate the correlation function between a surface operator Os; and local
operators O in N' = 4 SYM. We are able to calculate these correlation functions using
the three different realizations of surface operators, one using gauge theory, one using
probe D3-branes and one using the “bubbling” supergravity solutions. We find remarkable
agreement between these correlators computed in the three different regimes.

Such two-point functions are obvious quantities to study since local operators serve as
natural probes of surface operators Oy, and it is interesting to unravel how they interact
with them. Moreover, when the surface operator Oy, is supported on an S2, it can be
approximated at large distances by a linear combination of local operators [[I(J. In other

2In the case of local operators one can determine the dimension by calculating a 2-point function. We
would like to point out, to avoid confusion, that the analogous quantity here is the vacuum expectation
value of a single sphere, not two. In both cases there is a single length-scale, the distance between the
points or the radius.



words, there is an operator product expansion of a surface operator Os; in terms of local
ones O. The correlators of the surface operator Oy with the local operators O determine
the coefficients in this expansion.

One particularly interesting local operator is the energy-momentum tensor 7},,. The
correlator between T,,, and a local operator O is proportional to the conformal dimension
of the operator O@. When we calculate the correlator between T}, and a surface operator
Oy, we find a non-zero answer. This is not in contradiction with the already stated result
that there is no radius a dependence in the vacuum expectation value of a surface operator
Osx,. As we summarize in in section 2.2, a surface operator Ox; has three different possible
conformal anomalies and the two-point function of a surface operator with the energy-
momentum tensor may calculate a different combination of these three anomaly coefficients.

We then calculate the correlation function between a surface operator Oy and Wilson
and t’Hooft loop operators in N’ =4 SYM. We are also able to calculate these correlation
functions using the three different realizations of surface operators, one using gauge the-
ory, one using probe D3-branes and one using the “bubbling” supergravity solutions. We
also find remarkable agreement between these correlators computed in the three different
regimes.

The geometrical properties of a correlator between a surface operator Oy, supported
on a surface ¥ in spacetime and a loop operator supported on a curve C in spacetime
are quite interesting, since in four dimensions a surface ¥ can be linked by a curve C.
The correlators of Oy with Wilson and 't Hooft loops exhibit rich dependence on all the
parameters that a surface operator Oy, is characterized by.

The Wilson loop we consider was constructed in [IJ] and preserves eight supercharges.
This Wilson loop links the surface operator Oy, and depends on two parameters (g, )
which encode the coupling of the six scalars in N' =4 SYM to the loop. It has been argued
in ] that the expectation value of this Wilson loop is captured by a matrix model. We
expect a similar matrix model to be valid also in the case when a surface operator Oy is
inserted into the path integral. This suggests how to extrapolate the value of the correlator
between Oy, and Wy, 4, to strong coupling by including the strong coupling answer of the
matrix model.

In the realization of the surface operator Os; in terms of a probe D3-brane, we cal-
culate the correlator between Osx. and Wy, 4, by evaluating the on-shell action of a string
worldsheet that goes between the boundary of AdSs x S° and which ends on the probe
D3-brane in the bulk, and we show that it reproduces the matrix model result.

In the realization of the surface operator Oy in terms of a “bubbling” supergravity so-
lution, we describe the Wilson loop Wy, ., by classical worldsheets in the exact “bubbling”
supergravity background. Remarkably, the string worldsheet is described by straight line
in the auxilliary space of the “bubbling” geometry. The correlator between Os; and Wy, 4,
is then obtained by summing over all string worldsheets that are saddle points of the path
integral, reproducing the matrix model result.

Analogous calculations are performed for a supersymmetric 't Hooft loop T, y,, but in
this case there is no known matrix model description of the operator and the gauge theory
analysis is performed in the semiclassical regime.



The paper is organized according to the different realizations of a surface operator Oy,
and in each realization we perform several calculations. In section 2 we consider the gauge
theory description of Os:, where we study conformal anomalies, the vacuum expectation
value of Oy, as well as the correlators of Oy with local and Wilson and 't Hooft loop
operators Wy, , and Tp, -

In section 3 we study surface operators and their correlation functions using a probe D3-
brane description. Here we evaluate the classical on-shell action of the D3-brane and find
the overall scaling anomaly as well as the correlator of Oy with chiral primary operators in
N =4 SYM. We also find the string solution describing the Wilson loop Wy, 4, in the pres-
ence of a surface operator Oy, and calculate the correlator between the two operators. We
extend this analysis to the case when the Wilson loop is replaced by the 't Hooft loop Tg, 4, -

In section 4 we turn to the exact supergravity “bubbling” solutions describing surface
operators. From the exact supergravity solution we find the correlator of Osx. with various
local operators O using holographic renormalization. We then find the exact description of
the Wilson loop Wy, 4, in terms of a classical worldsheet in the full supergravity background
corresponding to a surface operator Osx;. We show that these worldsheets have a very simple
description in the “bubbling” solution and calculate the correlator between Oy, and Wy, y,
by evaluating the on-shell action of the string worldsheet. A similar analysis is considered
for the 't Hooft loop Tp, v,

We end with a discussion where, in particular, we speculate about a possible matrix
model dual of a surface operator Oy. Some computations are relegated to the appendices.

2. Gauge theory description

In this section we perform calculations with surface operators in N' = 4 SYM in the
semiclassical approximation of the gauge theory. We start with a brief review of disorder
surface operators [[] (see also [[f]) and their semiclassical description. We then calculate

their expectation value, the correlators of a surface operator with local operators and the
correlators of a surface operator with a Wilson and an ’t Hooft loop.

2.1 Surface operators in N =4 SYM

A disorder surface operator Os, supported on a surface ¥ C R? is characterized by a
codimension two singularity for the A' = 4 SYM fields.® In this paper we are interested
in maximally supersymmetric surface operators in A’ = 4 SYM which preserve the max-
imal subgroup* PSU(1,1|2) x PSU(1,1|2) x U(1) € PSU(2,2[4) of the four dimensional
superconformal group of N' = 4 SYM. The corresponding Euclidean supergroup has an
SO(1,3) x SO(2) x SO(4) bosonic subgroup, of which the first component acts on space-
time alone, the last is an R-symmetry and the SO(2) is a diagonal combination of space-time
and R-symmetries. SO(1,3) is the Euclidean conformal group in two dimensions and the

3For previous work involving codimension two singularities in gauge theory see [E7 E]
4This is the supergroup for a maximally supersymmetric surface operator in R™3. In this paper we
consider the theory in R*, but surface operators exist in both.



only 2-dimensional submanifolds of R* which posses this symmetry are R? and S2, which

will be the locus of support of our surface operators.’

The symmetries allow a complex scalar field in the N' = 4 SYM multiplet to develop a
pole near ¥, reducing the SO(1,5) x SU(4) symmetry of N' =4 SYM to SO(1,3) x SO(4) x
U(1).

An alternative way to study a surface operator Os; is to consider the gauge theory on®
AdSs x ST instead of R?*, the two geometries being related by a Weyl transformation. Then
a surface operator Oy; is characterized by a non-trivial boundary condition for the fields
in the gauge theory near the boundary of AdSs x S'. The advantage of this formulation is
that the symmetries of the surface operator Oy are made manifest, as they are realized as
isometries of AdSs; x S' instead of as conformal symmetries in R*. The choice of surface
Y is now captured by the topology of the AdSs x S' conformal boundary. For ¥ = S? one
must consider the AdS3 metric in global coordinates while for ¥ = R? one must consider
the metric in Poincaré coordinates.

A surface operator Oy; in R* induces a non-abelian vortex configuration for the gauge
field near the surface operator Oy, which produces a codimension two singularity at 3. The
gauge field configuration breaks the gauge group G to a subgroup L C G near Y. The sin-
gularity in the gauge field corresponding to a surface operator Oy, with L = Hi‘i L U(V) C
U(N) is given by

o1 @1y, 0 0
0 as ® 1N, -+ 0
A= . o . dy, (2.1)
0 0 o @1y,

where 9 is the polar angle in the local normal bundle to ¥ and 1, is the n-dimensional
unit matrix. The parameters a; take values in the maximal torus TV = RN /ZN of the
gauge group G = U(N).

The operator Ox. also introduces into the path integral two-dimensional 6-angles that
couple to the unbroken U(1)’s along . This can be represented by the operator insertion

M
exp (izn,/ Tr F(l)), (2.2)
=1 2

where F() is the field-strength for each of the unbroken U(1) factors. The parameters 7;
take values in the maximal torus of the S-dual or Langlands dual gauge group “G M-
Since the Langlands dual of G = U(N) is also “G' = U(N), we have that the matrix of

®The two surfaces are related to each other by a global conformal transformation. On R there are also
hyperboloids with geometry H2 and dS2 which are conformal to space-like and time-like planes respectively.
One should be able to construct maximally supersymmetric surface operators on them too.

SThroughout this paper AdS refers always to Euclidean AdS space.



f-angles of a surface operator Os; is also given by an L-invariant matrix

m®ly, 0 - 0
0 o @1y, - 0
n= . T , (2.3)
0 0 nu®ly,

A maximally supersymmetric surface operator Os; also excites a complex scalar field
in A/ =4 SYM which we label by ® = %((b‘f’ +i¢%). It develops an L-invariant pole near
> of the form

514‘2"}’1@1]\71 0 0
0 Bo +ivo @1y, -+ 0
I b | L (24
V22 : - :
0 0 e Bu +iym @ 1y,

where z = re'¥ is the complex coordinate in the local normal bundle to ¥. This form
of the singularity is completely determined by imposing superconformal invariance and
L-invariance.

In summary, a maximally supersymmetric surface operator Oy in N' = 4 SYM with
Levi group L = Hlj‘il U(V;) is labeled by 4M L-invariant parameters (aq, 8,7, 7). The
surface operator in R?* is defined by performing the N' = 4 SYM path integral over smooth
field fluctuations around the L-invariant singularities (2.1)), (R.4) with the insertion of the
operator (2.9). We must mod out the path integral by gauge transformations that take
values in L C U(N) when restricted to ¥. The surface operator Oy, becomes singular
whenever the parameters that label the surface operator («ay, G, v, m) for I = 1,..., M
are such that they are invariant under a larger symmetry than L, the group of gauge
transformations we have to mode out by when evaluating the path integral.

In the AdS3x S! picture, the surface operator Oy, is described by a non-trivial holonomy
of the gauge field (R.1]) around the non-contractible S' parametrized by the coordinate v
and by the insertion of (R.4), where X is now the conformal boundary of AdS; x S!. The
operator Oy, is also characterized by a non-singular configuration for the scalar field

B +iv1 ® 1y, 0 0
—its 0 By+ia @1, - 0
= ° S . , (2.5)
0 0 e By Fiym @ 1ny,

where 1 is the coordinate parametrizing the S' in AdSs x S'. Therefore, a surface operator
Oy, is described by a half BPS vacuum state of the gauge theory on AdS3 x S*.

Note that the field configurations for ¥ = R? and for S? are exactly the same when the
gauge theory is on AdSs x S'. For N'=4 SYM on R* on the other hand, the description
of the singularities of the fields produced by a surface operator with ¥ = S? of radius
a is quite different from ¥ = R% One can perform a Weyl transformation from global



AdS3 x S' to R* and use that the gauge field and the scalar fields transform as weight zero
and weight one fields respectively. Starting with the metric of R* in spherical coordinates

ds? = dr? + r*(dv? + sin? 9 dp?) + da? (2.6)
and defining
2 2 _2)2 2,.2 2
o (r4ax® —a®)® +4a’r® R o o
7= 102 = (coshp—cos )2 r=r7rsinhp, r=7rsiny,
(2.7)
we find the metric
ds? = 72 (dp2 + sinh? p (d¥? + sin® ¥ dp?) + d?/)2) , (2.8)

which is conformal to AdS3 x S! in global coordinates.

In the coordinate system (R.6), a surface operator Oy, with ¥ = 52 € R* located at
r = a produces a singularity on the scalar fields given by (B.4) with the replacement of
z — 7e'¥, where ¢ is written in terms of the R* coordinates (R.6) using (R.7). The gauge
field singularity is exactly the same as before (R.1]), where again di) is written in terms
of the R* coordinates (.6) using (R.7). Finally, the insertion of the f-angles (R.9) is now
obtained by integrating TrF} over the S? parametrized by ¥ and ¢ in (P.§) at r = a.

2.2 Surface operator expectation value

We now compute the expectation value of the surface operator Ox in the semiclassical
approximation of the gauge theory. We want to calculate the expectation value for both
Y = R? and ¥ = S2. When the operator is supported on R? we anticipate that the
expectation value will be one by supersymmetry. For the case ¥ = S? the expectation
value may depend non-trivially on the radius a of the S2.

Since we are dealing with operators defined on a surface X, an even dimensional sub-
manifold in spacetime, the surface operator Ox, may posses conformal anomalies ([0, [LT].
The conformal anomalies for surface operators are given by local expressions that depend
on the pullback onto the surface X of the curvature invariants in spacetime and also on the
extrinsic curvature, which encodes the embedding of the surface ¥ in spacetime.

The classification of the surface conformal anomalies can be rephrased as a cohomology
problem, as in the case of usual conformal anomalies [[§. One must classify solutions to
the Wess-Zumino consistency conditions modulo terms that can be obtained as the Weyl
variation of a local term. A basis of the Weyl cohomology has been recently presented
in [[[9] (for related previous work on surface anomalies in six dimensions see [l3-[4]). The
surface anomaly depends on three anomaly coefficient ¢;, i = 1,2,3

1 1
As = I /Edza\/ﬁ <C1R(2) + C29mn (hwhyp - §hwhm> Ky Kpy + C3hwjhp00upv0> ’

(2.9)
where h,,,, and g, denote the induced metric on 3 and the spacetime metric respectively
while Cy,ppq and KZ}, denote the Weyl tensor and the extrinsic curvature, and C),,,0 is the



pullback of Cy,ppg. The anomaly coefficients ¢; are the analogs of the well known a and c
anomaly coefficients in four dimensions. The expression for ¢; depend on the choice of field
theory as well as on the choice of surface operator in that field theory.

For the case ¥ = R? C R* we have that Ap2 = 0. For ¥ = S? C R?* one gets

1 2 AN 1 vV po m gn
am /z: VhR®) =2, Gmn <hu = §hu " > KK ps = Cupvs = 0. (2.10)

Therefore Ag2 = 2¢;.
Under a conformal transformation ¢mn, — €27 ¢mn the expectation value of a surface
operator Oy, supported on S? C R* changes by an amount proportional to the anomaly

50<02> = 201 <O§)> (2.11)
Therefore the expectation value of Oy, is determined in terms of the radius a of the S? by
(Os) o a1, (2.12)

The precise form of the expectation value of Ox, now depends on the chosen operator
and on the theory under discussion, which uniquely determine the anomaly coefficients c;.

We now focus on our specific case of the maximally supersymmetric surface opera-
tors Oy, in N/ = 4 SYM and calculate their vacuum expectation value in the semiclassical
approximation. This is achieved by evaluating the classical SYM action on the field con-
figuration produced by the operator Os;

<02> = eXp(_S)|surface- (213)

It is easiest to perform this calculation by considering the field configuration produced
by a surface operator Oy; on AdS3 x S'. The relevant part of the action of N' = 4 SYM
on AdSs x S is given by

1 (4)
L=——Tr||D®*+ T e2). (2.14)
Iym 6
where %\@]2 is the conformal coupling for the scalars and R® = —6 is the scalar cur-

vature of AdSs x S'. The surface operator Oy, induces a non-trivial field configuration on
the field ® (R-§) on AdS3 x S! which depends only on the angular coordinate ¢ of the S*
through & = dpe~ ™, where @ is a constant diagonal matrix (@) The operator Os: also
induces a nontrivial gauge field configuration (2.1]) which nevertheless commutes with @,
so that D® = 9®. Therefore |[D®|> = |®|? and the two terms in the Lagrangian (2.14)
exactly cancel each, so that

(Ox) =1. (2.15)

This result holds regardless of whether we use the Poincaré patch or global AdSs metric
in the field theory, so that (Os) = 1 for both ¥ = R? and ¥ = S2.

The same result can also be derived by studying A' = 4 SYM on R*. In this case the
scalars do not have a mass term. However, one must include in the action a boundary term



along the surface operator Ox; that guaranties that the boundary terms in the equations
of motion vanish. To see that, consider the relevant part of the action in flat space

S= QL d*z\/g g™" Tr (D ® D, @) (2.16)

Iym

with the metric (R.§). In deriving the equations of motion there is a boundary term near
the locus of the surface operator at a cutoff p = pg

6S = % d¥ dy dy 7 sinh? pg sin 9 (6@ 9,8 + 6@ 0,9) . (2.17)
IyMm

This does not vanish, since ® diverges. To fix this we need to add to the action the
boundary term

Shoundary = _g% /d19 do dip % 7 sinh® pg sin 9 Tr (<I><I>) . (2.18)
Y™

The variation of the bulk and boundary action would now give the boundary equation
0,® — 7sinh pg ®/a = 0, which is indeed satisfied by our solution.
Evaluating the classical action with a cutoff pg gives the divergent result

1 cosh psinh? psin ¢ M 9 9 9 . 19 M 2 9
S=—— [ dpdydddy Ni(Bf + 7)) = 4mw* sinh” pg Ni(BF + 1) -
g%]M COShp—COS’l/} ; ( 1 l) ; ( 1 l)

(2.19)

The boundary term (R.1§), though, exactly cancels this bulk piece leading to a total
action that vanishes, exactly as we found in the AdS3 x S! picture.

It follows from (R.19) and from (Oy) = 1 for a spherical surface operator Oy, in N = 4
SYM that the anomaly coefficient ¢y for this theory (and this family of surface operators)
is ¢4 = 0. It would be interesting to calculate separately the anomaly coefficients cs, c3,
which can be done by computing the anomaly for more general surfaces X as well as by
considering N’ =4 SYM in more general curved four dimensional backgrounds.

2.3 Correlator of surface operators with local operators

We now proceed to calculate the correlation function of a surface operator Oy, with various
local operators in N/ = 4 SYM in R*. We consider the correlator with the dimension
A = 2,3 chiral primary operators (CPO’s) Oa of N =4 SYM, the traceless stress-energy
tensor T),, and with the U(1) spacetime symmetry current J¥ which generates rotations
in the space transverse to the surface 3.

In the semiclassical approximation, the correlation function of a surface operator Oy
with a local operator O is obtained by evaluating O in the background field produced by
the surface operator Ox.

<C)<207;§9> = O|surface- (220)

If instead we consider the surface operator Oy as a non-trivial boundary condition for
N =4 SYM on AdS; x S', the correlation function of Oy, with a local operator @ in R*

— 10 —



corresponds to the vacuum expectation value of the local operator O in the state |Oy).
Thus on AdSs x S the correlation function (R.20) in R* corresponds to

(0", (2.21)

In all these computations the position dependence of the local operator is determined
by conformal Ward-Takahashi identities. In the case of ¥ = R?> C R* the correlator of
a surface operator Osx; with a local operator O of dimension A scales with the distance r
between the local operator @ and the plane where the surface operator Oy is supported by’

(0-05)  Co

Gy T A (2.22)

The quantity that we need to compute for the various local operators O is Cp.
When the surface operator Oy, is supported on S? C R*, the correlator is given by

(0-0x) Co
where 7 is the conformally invariant distance (2.7)
21 22 _ q2)2 & 4a222
f:\/(r + 22 — a?)? + 4a’x (2.24)

2a ’

combining a, the radius of the S?, the radial position of the local operator in the R? in-
cluding the surface, r and the transverse distance to the local operator, . In principle the
proportionality constant in (2.29), (2.23) Co should be the same for ¥ = $? and ¥ = R?,
except that there is the possibility that some contributions that exist for the sphere are
“pushed to infinity” in the case of the plane and will not show up. This does not happen
in the specific calculations we performed but may show up once one includes quantum
corrections.

When one considers the gauge theory on AdS3 x S' the surface operator Osy; is sup-
ported at the boundary of AdSs. Therefore, there is no invariant distance like r or 7 in
R*. In this case

((9>(92 =Co. (2.25)

The CPO’s are scalar operators transforming in the (0,A,0) representation of the
SU(4) R-symmetry. The operators are given by

(87T2)A/2

I I i i
where A = ¢g2,,N is the 't Hooft coupling and Y/ = CI . 2% .. 2% are the SO(6) scalar
YM i1...0A

spherical harmonics. The operators (R-2) are normalized such that their two point function
is unit normalized

; J 51 J

(OA@OAW) = = s (2.27)

"For operators that are not scalars, the tensor structure of the correlator is determined by Lorentz
invariance.
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A surface operator Oy, preserves an SO(4) subgroup of the SU(4) R-symmetry group.
Therefore, the correlation function of a chiral primary operator (’)IA with a surface operator
Os, is nontrivial only if the CPO is an SO(4) singlet. By looking at the decomposition of
the (0, A,0) representation of SO(6) ~ SU(4) under the obvious SO(4) x SO(2) subgroup
one finds that there are A+1 CPO’s of dimension A which are singlets under SO(4). These
SO(4) invariant operators have charges k = —A, —A+2,...,A — 2, A under SO(2). We
label the SO(4) invariant spherical harmonics by YAF = C’ﬁ "ﬁ-A:L""l ... 2" (for more details
see appendix A). With these spherical harmonics we can write down the SO(4) invariant
CPO’s as

872 A/2 ]
Oap = (AZ/; \/_qf T (gL' (2.28)

Using the explicit expression for the SO(4) invariant spherical harmonics with A = 2, 3,

we can write down the unit normalized CPO’s

2

a7 24 82
2,0 \/EA r < ¢ ¢ > 2,2 \/§A r ( )

8w 3 2% T.I 327T3 3
O3 = )\3/2Tr <2<1> d— <1>2¢ & O35 = Wﬂ (%), (2.29)
I=1
where as before ® = %(qﬁ‘r’ +i¢%) and Oa _ = Oa k.
The semiclassical correlations function (R.2() of these CPO’s with the surface operator
Oy, are then given by

M
<020'02> 1 87T2 9 2 <022'02 1 471'
2O 7 NN, : 22708 § Ni(B
(Os) 2|2 \/6/\11 187 +1); (O) Z2\/7)\ 1 l+Wl
<03,1'02> 1

(Ox) - z|z|? /\3/2 ZNl (B +77) (Bi+im);
<03,3‘(92> 1

0L N a0

The remaining correlators can be obtained by complex conjugating (2.3().

These result are purely classical and they may receive quantum corrections. The
surface operator Oy, breaks near ¥ the gauge group from U(N) to L = Hl]\il U(V;), and
also breaks R-symmetry group down to SO(4). This breaking may introduce different
interactions among the different fields at the quantum level. We therefore expect the
quantum corrections to depend on the choice of Levi group given by the rank of the
unbroken gauge groups N, ..., Nys. The calculations performed using probe D3-branes
and the “bubbling” supergravity solution in the next two sections indicate, however, that
the loop corrections terminate after a finite number of loops! The perturbative corrections
to the correlator of Oys; with Op j terminate at order® AA=1¥D/2 Tt would be interesting
to understand the truncation of the loop corrections directly in the gauge theory.

8Note that A — |k| is always even, so we get a standard perturbation expansion in the ’t Hooft coupling A.
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We now consider the correlator of Oy, with the stress-energy tensor T}, of N' =4 SYM
in R*, which was already computed in [[@. In the presence of a planar surface operator in
R* the correlator is fixed up to function h

<ley(92(>92> = hmw <11i<]532> N r_h4 [4nin; —3d;5], (T Os)=0.  (231)

Here 2™ = (z,2%), where z* are coordinates along ¥ = R? and n’ = z'/r is the unit
normal vector to the planar surface. If ' =4 SYM is on AdS3 x S the expectation value
of the stress-energy tensor T),, in the presence of a surface operator Oy; is given by

(Tab) oy, = I Gab (Tyy) o, = —3h, (2.32)

where g, is the metric on AdSs and v is the coordinate on the S?.
The piece of the stress-energy tensor of N'= 4 SYM which involves the gauge field and
the complex scalar field ® excited by the surface operator Oy, is given by(see e.g. [20])°

2 _ _
Ton = 55— Tt 2D @Dy + 2D, 8D, @ — 1| DB[* ~ 8Dy, Dy @ — 2D, D, @
gYM

1
_gmnEpEp (233)

1 -1 - 2
+ngnq)D2<I> + ngnq>D2(I):| —TI" |: FoFn + 4

gYM

Using the semiclassical formula (R.20) we find that

M

;) (2.34)
or equivalently
(Tav) oy, = ~3 ZNI Bt +7)9ab
gYM
2

(Tyy)oy = z—z Ni(B +77) - (2.35)

Iymi=

In this case, we expect that the only perturbative correction appears at the one loop
level, of order A, which as we will see is captured by the “bubbling” supergravity solution.

In [R1] the analogous coefficient h for Wilson and 't Hooft loop operators was dubbed
the scaling weight, the name suggesting that it should generalize the notion of conformal
dimension of local conformal fields to extended objects. The analogy with conformal di-
mension of a local operators is not complete. The conformal dimension of a local operator
measures its behavior under conformal transformations, while for surface operators there
are three different anomalies under such transformations which we dubbed ¢; in (R.9). We
expect the scaling weight h to be related to the anomaly coefficients ¢; and it would be
interesting to find the explicit relation.

9We neglect the scalar potential term, as it does not contribute to the correlator.
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We also calculate the correlator of Os. with the conserved current Jﬁﬁ. This current
generates the U(1) symmetry that acts by shifts on the S! of the AdS3 x S geometry on
which the gauge theory is defined. However, it is not a symmetry of the surface operator Oy
as the singularity induced on the scalar field (.4) is not U(1) invariant. In conformal field
theories, the current associated with a spacetime symmetry is constructed by contracting
the stress-energy tensor T, with the conformal Killing vector £ generating the symmetry
as jﬁ = Tnéss- Therefore, the correlator of JY with Oy is given by

9 M
<J$>o = (Tpw)oy = =D Nl +1i)- (2.36)
i Iymio

2.4 Correlator with Wilson and ’t Hooft loop operator

The last calculation we perform is the correlator of a surface operator Oy, with a Wilson
loop operator and also make comments about the correlator of a surface operator Oy, with
an 't Hooft loop operator. This combination of operators is particularly interesting since
in four dimensional space a two dimensional surface can be linked by a curve.

We take the Wilson loop supported on a curve C to link the surface ¥ on which the
surface operator Oy is supported. The simplest way to realize this configuration is by
taking the surface ¥ = R?> C R* and consider a circular loop C = S! in the orthogonal
plane. A natural choice of Wilson loop to consider is the 1/4 BPS circular Wilson loop
with periodic coupling to the scalar fields with arbitrary phase shift 1y 7]

Wy, = T exp [ (idy -+ rcos(i = o) & —rsin = o) o) do (2.37)

Here ¢® and ¢% are the real and imaginary part of the complex field turned on by the
surface operator Oy, given by ¢ = %(qﬁ‘r’ + i¢%).

We consider an even more general Wilson loop operator, presented in [[5] and studied
further in [R3], with an extra coupling to a third real scalar field ¢! in the N’ = 4 SYM
multiplet, with a relative coupling given by the angle 6,

N

Fort 6y = 7/2 it reduces to (£.37) (note that the ¢ dependence comes now from z =
re™), while for 6y = 0 it’s the well studied maximally supersymmetric circular loop B4, B3

1 .
Woopo = — Tt exp/dz/} (z’Aw + |z| cos By ¢ + V2 sin 60§R(Z<I>e_“p°)) . (2.38)

Note that this Wilson loop operator depends on two parameters 6y and 1y and opera-
tors with different values of these parameters are quite different. In particular, the super-
charges that are preserved by the Wilson loop Wy, 4, depend on these parameters, though
they are always compatible with those of the surface operator. This is proven in appendix B.

Evaluating the correlator of a surface operator Oy, with the Wilson loop (R.3§) in the
semiclassical approximation amounts to evaluating the Wilson loop operator (R.3§) on the
fields produced by the surface operator (B.1)), (B-4). The result is given by

<W90,¢0 ’ OE>
(Og)

M
N,
class _ Z Wl exp [27? sin 6y () cos Py + v sinvg) + 27?@'0@)] . (2.39)
=1
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The extra scalar ¢! does not contribute at the classical level, as the surface operator
Os. does not excite it.

In the absence of a surface operator Os, it is conjectured in [RJ that the exact ex-
pectation value of the Wilson loop Wy, ., is given by summing up all ladder diagrams in
the Feynman gauge, which is captured by a matrix model. In the limit of large 't Hooft
coupling A it has an asymptotic expansion with two saddle points [2J] which can be written
schematically as

(Wog.4pe) = €Xp [\/Xcos 90] + exp [—\/Xcos 00} . (2.40)

This result, including both saddle points can be reproduced from string theory.

The expression (R:40) can be regarded as coming purely from the scalar field ¢!, which
appears with a factor of cos @ in the loop (.3§), while the other two scalars are present
to guarantee supersymmetry.

The presence of the surface operator can, of course, modify the contribution of ¢! to
the expectation value of the Wilson loop (R.3§), but we now argue that its contribution is
well under control. Indeed this is what happens for the Wilson loop Wy, 4, in the presence
of a chiral primary local operator [Pq] (see also [P, P§]), where the exact result is given by a
normal matrix model, but the asymptotics are still governed by an exponent like in (2.4().

In particular, one possible effect of the surface operator Os; on the scalar ¢! in the Wil-
son loop (R-39) is in breaking of the U(N) gauge group to the Levi group L = Hl]\il Uu(N),
thus reducing the number of degrees of freedom in the system. Now, in each U(NV;) sector,
®' gives the same matrix model result with the replacement A — ANy /N. Assuming that
all the IV; are still large, so that we may still use the approximation in (P.40), we predict
that the correlator of the Wilson loop Wy, 4, with a surface operator Oy; at strong coupling

is given by
(W0 - Ox) XN AN, AN
ALAAL L4 M LA — | ex cosfy| +exp |— cos 0 X
e ;N(p[\/N o] +exp | 122 st

X exp [27 sin 6y (5 cos 1o + v sinvhg) + 2miey)] . (2.41)

We will later see that this result is reproduced by performing a string theory calculation
in the “bubbling” supergravity background dual to a surface operator.

We note that unlike local operators, this class of Wilson loops are sensitive to the
Aharonov-Bohm phase (R.1)) induced by the surface operator Os..

Similarly to the Wilson loop, one can consider an ’t Hooft loop, which should yield
the S-dual result (accounting of course also for the S-duality transformation of the surface
operator parameters (aq, 31,7,7)). Unlike the Wilson loop, the 't Hooft loop does not
have a simple weak-coupling description. Rather, much like the surface operator Oy, it
can be thought of as requiring certain singularities for the gauge field and scalar field along
the loop.

The 't Hooft loop Ty, .y, we want to consider should be the dual of the Wilson
loop (R.3§), which couples to three scalars and depends on the parameters 6y and .
An ’t Hooft loop can be represented by a Dirac monopole embedded along some U(1)
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subgroup of U(N) with the accompanying scalar source. The field-strength around the
monopole has the form

F = % Tsin@dh dg, (2.42)

where 6 and ¢ are local coordinates on a sphere surrounding the loop, and T° is a generator
in the Cartan subalgebra of U(NN). This should be the behavior of the gauge field close
to the 't Hooft loop Tp, y, for the straight line. In the classical approximation this is the
exact solution. So consider now the spherical surface operator Oy, wrapping the straight
't Hooft loop Ty, ,- The surface operator couples to the magnetic field produced by the
't Hooft operator through the parameters 1 in (R.2) entering the definition of Oy,

0
exp <z77/ Tr %) = exp (2min) . (2.43)
b

This produces the S-dual of the phase exp(27ic) in (B.4]]) obtained from the correlator
of Oy, with the Wilson loop (R:33), as o — n under S-duality [I].

The contribution from the scalars ® and ® is almost identical to the one in the Wilson
loop calculation, as the effect of the singularity on the scalar fields produced by the 't Hooft
loop can be modeled in the semiclassical approximation by inserting into the A" =4 SYM
path integral the operator

exp <42—7T /Tr (TO%(zq)e_in)) dl/)) . (2.44)
9ym

Inserting the field (R.4) produced by the surface operator Oy in (R.44)) gives the S-dual
of the Wilson loop result [2.39) as |8 + iy| — 47/g%\(|B + iy| under S-duality []. The
contribution of ¢! as in (.40) has so far not been reproduced from the *t Hooft operator in
a gauge-theory calculation even in the absence of the surface operator Oy, and we do not
attempt to recover that here. We will see in section 3 and in section 4, where we calculate
the Wilson loop and ’t Hooft loop using string theory, that the resulting expressions are
indeed related to each-other by S-duality.

We note that the correlator of Os; with an ’t Hooft operator is sensitive to the two
dimensional f-angles (2.9) that appear in the definition of a surface operator Os.

3. Probe description in AdSs5 x S°

In this section we perform calculations with surface operators in A/ =4 SYM in the probe
approximation of the dual Type IIB string theory on AdSs x S®. We start with a description
of surface operators in N’ = 4 SYM in terms of D3-branes in AdS5 x S°. We then calculate
their expectation value, the correlators of a surface operator with CPO’s and the correlators
of a surface operator with a Wilson and an ’t Hooft loop.

3.1 Surface operator as D-branes in AdS5 x S°

A surface operator Oys, in N' = 4 SYM corresponds in the probe picture to having a D3-
brane in AdS5 x S° ending on the boundary along the prescribed surface 3. This D3-brane
solution in AdSs x S® was first studied by [29].
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We start by describing the details of the AdS3 x S* D3-brane solution that we need to
perform the various calculations in this section. We take the metric on the S® to be

dQs = cos? 0dQ + d6* + sin” 0dp?, (3.1)

which makes manifest the SO(4) x SO(2) C SO(6) symmetry of the S°. For the surface
operator Oy, supported on ¥ = R? it is convenient to write the bulk AdS metric in two
different slicings

1
ds}yy = 7 (dy? + daf + daf + dr® + r* dy?) | (3.2)
h2
ds%z) = 0022 u(dz2 + da? 4 dz?) + du® + sinh? u dyp?, (3.3)

where we work in units where the AdSs and S° radius of curvature is one so that L* =
41gs N1t = 1. The two coordinate systems are related by

z

Y= o r = ztanhu. (3.4)

The first choice of coordinates (B.J) is more suitable when considering the dual N = 4
SYM theory on R*. The second one (B.3) is more suitable when N’ = 4 SYM is on
AdS3 x S', where AdSs x S' is the metric on the conformal boundary located at u — oo.

We choose the RR four-form potential in the analog of the Fefferman-Graham
gauge for the metric, so that the four-form has no components transverse to the AdSs
boundary. Therefore, we take the RR four-form potential in the metric (B.2) and (B.3) to
be given by

= —dxg Ndxy Ndr Ndy, 3.9
oV ;4 dao A dxy Adr A dip
2) cosh? u
= 0 1 . .
Cy 3 dz N\ dxo A\ dzy A dyp (3.6)

The worldvolume coordinates of the D3-brane embedding in the coordinate sys-
tem (B.J) are given by xg, x1, r and v, and the D3-brane has non-trivial embedding
functions y = y(r) and on the S° in the coordinate system (B.1): § = 7/2 and ¢ = ¢(¢)).
With this ansatz the D3-brane action is given by

SD3 = TD3 / dZL'(] dl‘l dr d?/) %\/(1 + y’z)(rz + y2¢52) — TD3 / dZL'(] d:L'l dr d¢ % (37)

where the D3-brane tension is given by Tp3 = %g (in the units where L* = 1). The
half-BPS solution is given by [R9]

y)=r, o= do, (33

where k and ¢ are integration constants.
In the coordinate system (B.3) the D3-brane solution has worldvolume coordinates z,
20, 2! and v and the embedding is given by § = 7/2 in (B.J) and

sinhug = &, v+ o= do. (3.9)
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The induced metric on the brane is that of AdSs x S', so that we have the freedom of
turning on a Wilson line for the gauge field A and dual gauge field A living on the D3-brane
worldvolume along the non-contractible S'. Therefore, the D3-brane solution ending on
¥ = R? on the boundary depends on four parameters [f], which can be identified with

those of the gauge theory description of a surface operator Os; via!'®

A

a= P —,
2

A .
B+iy = £ sinh ug €0 | (3.10)
2T

B A

=P o

Therefore, in the probe approximation a surface operator Oy with unbroken gauge
group L = Hi‘i 1 U(Ng) and labeled by the 4M parameters («y, 8;,y,m) corresponds to
a configuration of M stacks of D3 branes in AdSs x S° ending on the boundary on the
surface X, with each stack consisting of NV; coincident D3 branes. In appendix C we study
the supersymmetry preserved by the probe D3-brane brane and show that it is the same
as the supersymmetry preserved by the surface operator Oy, in N' =4 SYM.

For the probe D3-brane description of the surface operator Os, in N' = 4 SYM sup-
ported on ¥ = S? it is convenient to write the bulk AdSs metric in two different slicings

1
ds%g) = " (dy2 + dr? 4 r2(d9? + sin? 9 dp?) + dx2) , (3.11)
d3%4) = cosh? u(dp® + sinh? p (d¥? + sin® 9 dp?)) + du® + sinh? u dyp®. (3.12)

The two coordinate systems are related by

a

= r = y cosh u sinh x = ysinhusin 3.13
coshu cosh p — sinhu cos )’ Y P Y v (313)
where a is the radius of the ¥ = 52 on which the dual surface operator Oy, is supported.
Again, the choice of coordinates (B.I])) is appropriate when considering the gauge theory
on R* while the one in (B.12) is appropriate when the gauge theory is on AdS3 x S*.
The associated expressions for the RR four-form potential are given by:

2 .
c® =1 Slfﬁdmdmczwdx, (3.14)
Yy

C’f) = cosh* usinh? psin dp A d9 A dp A dip . (3.15)

The D3-brane worldvolume coordinates in the metric (B.19) are p, 9, ¢ and ¢, and the
embedding is again given by § = 7/2 in (B.]) and:

sinhug = &, v+ o= do. (3.16)

0

ONote that in the units L* = 1, we can write alternatively 8 + iy = ﬁ sinh ug €’ (see also equation

(4.9).
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In the coordinate system (B.11) the D3-brane embedding translates into

(r? + 22 + y? — a®)? + 4a’2?

_ 2
12y =K". (3.17)

The map between the parameters of the D3-brane solution and the parameters defining
the dual gauge theory surface operator Oy is also given by (B.1(). As explained earlier, con-
sidering M stacks of D3 branes yields a surface operator Ox; with parameters (o, 5, v, )
fori=1,..., M.

3.2 Expectation value in the probe approximation

The expectation value of the surface operator Oy, in N’ = 4 SYM corresponding to a single
probe D3-brane is given in the leading N > 1 and A > 1 approximation by

(Os) = e~ SD3lon—shell (3.18)

This corresponds to a surface operator Oy, with unbroken gauge group L = U(1) x
SU(N — 1) and with parameters («, 3,7,n). Therefore, we have to evaluate the classical
action of the D3-brane solutions in the previous subsection.

For the case of a surface operator Oy; on ¥ = R?, we find that the action of the dual
D3-brane in the metric (B.9) is given by

Sps = % /dwo day dr dw% {\/(1 +y?)(r? + y2¢?) — r] 7 (3.19)

where Sps = Sppr — Swz. In order to evaluate the classical action it is not enough to plug
in the solution qﬁ = —1 and y = r/k into the action. Examining the variation of the action
one finds a boundary term that needs to be cancelled. That is due to the fact that 3/ is a
non-zero constant and to get a good variational problem it is necessary to subtract

0L N o [rr g -
Vo "oyt Ty (3:20)

Therefore, the total D3-brane action is

N NNETTY:
SD3 = ﬁ dl’o dl’l dr d’l/) E TyQ —-T|. (321)

Plugging in the D3-brane solution (B.§) one sees that the integrand vanishes
Sp3lon—shell = 0.

It is illustrative to repeat the calculation of the D3-brane action in the second coordi-
nate system (B.J), where now the field u = ug is a constant, so the variational principle for
it is well defined. The classical on-shell action for the D3-brane is now given by

N h? ;
Sp3lon—shell = 3.2 /dwo dxy dz dyp (305273210 [cosh ug\/ sinh? ug + ¢2 — cosh? uo] =0.

(3.22)
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We conclude that the expectation value of a surface operator Os; supported on ¥ = R?
in the probe approximation is given by

(Os) =1, (3.23)

which agrees with the semiclassical gauge theory computation (R.13).
For the case of a surface operator Oy, supported on ¥ = 52, we find that the action of
the dual D3-brane in the metric (B.19) is given by

N -
Sps = ) /dp d¥ dp dip cosh? ug sinh? psin 9 [\/ sinh? ug + ¢2 — cosh uo} . (3.24)
T

In this case u = ug is also a constant and it satisfies the proper variational principle
so after setting ¢ = —1 we find again that the on-shell action also vanishes Sps = 0.
Thus the expectation value of a surface operator Oy, supported on ¥ = S? in the probe
approximation is given by

(Os) =1, (3.25)

agreeing with the semiclassical gauge theory computation (R.15).

The conformal anomaly (.9) for the surface operator Osx, with ¥ = R? and S?
vanishes in the probe approximation and due to (P.12) we have that ¢; = 0. It would
be interesting to consider more general D3-brane solutions that end on a boundary with
a different metric and on a general surface 3. This would allows to compute the other
anomaly coefficients ¢; in (2.9).

3.3 Correlator with local operators in probe approximation

We now compute in the probe approximation the correlation function of a surface operator
Os. and the CPO’s Ok of dimension A = 2,3 in N/ = 4 SYM. Analogous computations
have been done for Wilson loops in [I0, BT, Bf] and for Wilson surfaces in six dimensions
in B2, EJ.

A CPO O in N = 4 SYM couples to the five dimensional scalar fluctuation s’ [B4].
This fluctuation mode diagonalizes the linearized equations of motion of Type IIB super-
gravity expanded around AdSs x S°. It solves the Klein-Gordon equation in AdSs BAl

V, Vil = A(A - 4)s, (3.26)

where A is the dimension of the dual CPO OIA.

In the gauge theory (section 2.3) we saw that the only chiral primaries that have non-
trivial coupling to the surface operators are the SO(4) singlets. This can be seen here from
the fact that in the metric (B.I]) the brane is at § = 7/2, where all the other spherical

harmonics vanish. We can combine all the s/ which couple to the probe brane into one
field on AdSs x S° as

A
s=Y Y yas (9 - g ¢) sk, (3.27)

A k=—A,—A+2,..
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where Y2 are the SO(4) invariant spherical harmonics of SO(6) (see appendix A). When
evaluated on the D3-brane they are given by

7T .
y Ak (9 -2 ¢) = Ca e, (3.28)

The correlator of a surface operator Oy, with Oi is captured in the probe approxima-
tion by the solution of the linearized equations of motion of Type IIB supergravity for s’
in the presence of the D3-brane source. In order to calculate this we first need the bulk
to boundary propagator in AdSs. Let us consider Ok at a position (z{, #, r’, 1') on the
boundary of AdS5 in the coordinate system (B.). The propagator from the insertion point
to a point in the bulk is given by

A

Y
= 2
G=c (=22 +r2+172 —2rr' cos(vp — ') + y2)A (3.29)

%@% is chosen [[[(] such that the bulk computation of the two-point

function of the dual CPO operator O} is unit normalized as in (R.27). We find it convenient
to work in the coordinate system (B.3) where AdSs is foliated by AdS3 x S! slices. If we
place Ok at (2, = 2} =0, ¢/, 2/ = d) then the bulk to boundary propagator reads

where ¢ =

ZA

G=c . 3.30
cosh® ug (22 + 23 + 22 — 2dz tanh ug cos(yp — ') 4 d2)A (3:30)

While the bulk field s’ has a simple propagator, it has rather complicated couplings
to the usual supergravity fields. In the bulk it is related to the metric on AdS5, the metric
on S° and the four forms on AdSs and S°. Following the notations of [Bj], the relevant
fields sourced by s’ at linear order are

AdS S AdS S
h/“/ s h‘aﬁ s auupo. s aaﬁ,\/é . (331)

The fluctuation s’

sources these supergravity fields and these in turn couple to the
probe D3-brane. To compute the one point function we need to expand the probe D3-brane
action to linear order in the fluctuations (B.31). The linearized fluctuation contribution
from the D3-brane DBI action is

£ = 22 [ Vetlg) (0. X19X7 WS + 0,X°0,X° hS)

T, h?
— D3 [ 0 dwg day dip 25
2 23

(22025 4 223 4 22m0S 4 BASS 4+ 05,) | (3:32)

where g is the induced metric.
The linearized fluctuation contribution from the WZ term of the D3-brane is:

L4, = Ty / A (3.33)

As can be seen from the expressions above, our probe D3-brane, which is mainly along
AdSS5, does not couple to linear order to agﬁ,y 5+ the 4-form on S5,
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The last ingredient we need is the relation between the diagonal fluctuation s’ and
the fluctuations in the basis (B.31]). This is obtained by solving the linearized Type I1IB
supergravity equations of motion in the presence of the source s = >, s'YT, where Y7 is
an SO(6) spherical harmonic. The solution is given by [Bg, Bf]

6

4
AdS _
W™ = 5Asg,w+A—+1V(HV,,)S,
his = 208 gag , (3.34)
aﬁfpsa = —4e€pponV's .

where V, is the usual covariant derivative and V(,V,ys denotes the symmetric traceless
piece of V,V,s.
Finally we have all the pieces in place to calculate the correlator. We plug into (B.33)

and (B.33) the expressions for the fluctuations (B.31]) in terms of s using (B.34). For s we
take the bulk to boundary propagator (B.3() with a boundary source

A
o= 3 ya (9 - g qs) shk (3.35)

A k=—A,—A+2,..

The correlator of a surface operator Ox, with the N' =4 SYM CPO Oy, in (£.29) is
given by the the derivative of the D3-brane action with respect to the source SOA k(:z:) It is

given by
: 2IHAIZ(A + 1)V ATp3d?
(Ox - Oaw) _ (A+1) = D3 CA’k/dzdxodm1d¢
(Oy) N cosh™ ug

zA_leik((z’O_w)
X
(23423 +22—2dz tanh ug cos(p —y' ) +d?)A+2’
where we have used that on the D3-brane solution (B.9) v + ¢ = ¢q, where ¢y is one of the

parameters characterizing the D3-brane embedding. Integrating over xy and x; and using
that Tp3 = N/272 (in the units L* = 1) yields

(3.36)

(Os - Opr)  282VAdCap /°° p /27r ” ZA1eik(%0—Y)
= A .
(Oyx) 7 cosh® wg 0 0 (22 — 2dz tanh ug cos(1p — ') + d2)A+1
(3.37)
We make a change of variables from z to ¢ defined by
2dz tanh ug 1

As z varies between zero and infinity, ¢ goes from one to cosh ugy (at z = d) and back to
one. The resulting integral is then simplified by the fact that only terms with a branch-cut
in ¢ will contribute. This gives

(O, - OA,k> \/ZCA,keik(qu_wl) 9 /COShuO dc ¢ sinh ug
1

V/cosh? ug — (2

_ 2 )A/2-1
(Ox) 28/2+1 4 A sinh® vy (¢ )
A+1 "

or ik
% | i ¢

0 <C — \/C2——1 cos 1/;)

(3.39)
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We use now the integral representation of the associated Legendre polynomiall!

2 ik _
i e :27T(A k|

-\ A+1 |
0 <C—\/C2—1COS¢> Al

After a further change of variables
V(2 —1 = sinhugsin y, (3.41)

the correlator (B.39) reduces to the integral

A —E)WA ik(po—y') pm
( ) \A/;AC@;AG / dysin® 1y ngl <\/1 + sinh? ug sin? X> . (3.42)
: 0

2P (3.40)

We can now extract the correlators of the surface operator Oy, with any CPO Oa .
We write down explicitly the result for A = 2 and 3 which we also did in the gauge
theory in section 2 and do in the “bubbling” geometry description in the next section.
Using the spherical harmonics in appendix A we have that Cog = 1/v/3, Ca42 = 1/2,
C3+41 = v3/4 and C343 = 1/2v/2 while the relevant associated Legendre polynomials
are given by PY(r) = (322 — 1)/2, Pi(z) = 3(2? — 1), P}(z) = 3va2 — 1(52% — 1)/2 and
P3(z) = 15(x — 1)3/2. Performing the integral in (B43) we conclude that the correlator
of Oy, with the CPO’s (.29) with A =2 and 3 are given in the probe approximation by
(020-Ox) _ 2 cosh®ug. (022-05) _ 1 sinh®ug gyg,_y)
Ox) V6 & (2 RVC RN
(031-0x) 1 cosh? ug sinh ug Gildo—) (O35 - Ox) 1 sinh? g S3i(0—v")
Os) V2 ? 7 Os) V3 & '

(3.43)

The remaining correlators can be obtained by complex conjugating (B.43).

Recall that the probe calculation is done with a single D3-brane and is dual to the
surface operator Oy in the gauge theory where the gauge group is broken to U(1) x SU(N —
1). In order to compare to the gauge theory result (2.3(0) we take Ny =1 and No = N — 1,
we use the identification (B.I0) to relate e sinhug to 31 + iy1, and take By = v = 0.
Then with z = de®’, we find that (B43) agrees precisely with (R.3() for O3 and O3 3.
The other correlators in (B.43) exactly reproduce the semiclassical result in (R.3() but
deviate from the classical result of the gauge theory by a quantum correction, proportional
to the 't Hooft coupling A. The general form of the correlator (B.43) for Oa ; computed
in the probe approximation indicates that the quantum corrections to the semiclassical
(A—lk)/2

gauge theory computation truncate to order A , suggesting that the gauge theory

description of these correlators may be captured exactly by a reduced matrix model, which

has a finite number of loop corrections.!?

"We use a slightly modified definition, Py‘(m) = ﬁ(ax2 — 1)IFI72(gAFIRI g2 — 1)A /a2 +I*lz) which is
single valued for argument greater than one.

2This conjecture further requires that there are no 1/\/X correction for these observables in supergravity.
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3.4 Correlator with Wilson loop operator

We wish to examine the correlator of the surface operator Ox, with the Wilson loop oper-
ator (R-3§). We employ the target-space metric (B.19) where the brane is at fixed u = wug.
The Wilson loop is described, as usual, by a semiclassical string surface [B7, Bg, ending
on the boundary of AdSs x S° along a path related to the specific choice of loop. The
specific loops we are considering are those studied in [[5, PJ], where the relevant boundary
conditions are further explained. The string worldsheet is not at fixed w, and it varies
from oo to u = ug, where it ends on the D3-brane probe. In the u — oo region the string
worldsheet ends in the AdS5 x S° boundary along the desired loop, which is a circle along
the ¢ direction at fixed'? p. At the same time the string also wraps the direction ¢ along
a circle of S at § = 6 in the metric (B.1]). The extra parameter 1)y which appeared in the
definition of the loop is the relative phase between the two angles, so that at the boundary
¥ + ¢ = 1y, matching the phase of the Wilson loop operator in (2.3§).

Finding the string solution for this configuration is by now a standard procedure. With
the worldsheet coordinates o and 7 one assumes the rotationally-symmetric ansatz

u=u(o), Y=14+a(o), 0=10(0), ¢»=—-1—C((0), (3.44)

and one can consistently keep all the other fields constant. The boundary conditions at

u — oo on ¢ and ¢ are such that a(0) — ((0) = o, so that at the boundary we get

¥ + ¢ = 1), which is the phase corresponding to the Wilson loop (B-3§). These extra two

degrees of freedom are required in order to allow the relative phase of ¢ and ¢ to change

as the string moves in the u direction. At the other end of the string worldsheet, where

the string ends on the probe D3-brane, we have that 1)+ ¢ = ¢y (B.§), so a — ¢ = ¢g there.
The string Lagrangian in the conformal gauge is

L= ?(ua +sinh®u (1 + /%) 4+ 6% +sin® 6 (1 + (7)) . (3.45)
7I8

Two conserved quantities are the momenta conjugate to o and ¢
P = sinh?ua’, pe = sin?6 ¢’ . (3.46)
There are two Virasoro constraints
sinh?ua +sin?0¢ =0. u? —sinh?u (1 — o/?) + 607 —sin®0 (1 — ¢*) =0. (3.47)

The first one sets p, = —p¢. By solving the equations of motion for u and 6 one finds
expressions similar to the second Virasoro constraint for each independently
2 2
. . p
u? — sinh?u + — pa2 =a?, 0”2 — sin%0 + —g =—a?. (3.48)
sinh” u sin“ 0

These equations can be solved in general in terms of elliptic integrals, which we will

not do here, since we will use in section 4.4 a different coordinate system where the solution
can be found rather easily.

3Due to conformal invariance the radius of the loop in the gauge theory, and the value of p here are
inconsequential
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Instead, let us focus for now on the simple case with p, = —p¢ = 0 which is the case
when the Wilson loop (R.3§) and surface operator Oy, are in phase, i.e. g = ¢9. One
solution is for a® = 1 which corresponds to the Wilson loop on a great circle on S°.

! o=". (3.49)

Y—YPy=—-¢p=1, coshu = ,
Ccos o 2

The coordinate u varies between infinity, the boundary of spacetime, and ug where it
ends on the D3-brane. After subtracting the divergence from infinity, the finite part of the
string action is

S = g /do’(u/2 + cosh? u) = —\/XSiItho. (3'50)

On the D3-brane worldvolume we have a non-trivial holonomy for the worldvolume
gauge field Ay = o (B-10). Since the string ends on the D3-brane along a curve wrapping the
1 direction there is a contribution from a boundary term on the worldsheet. It is given by

e'f Avdp — o (3.51)

The correlator between a surface operator Oy and the Wilson loop is given in the
semiclassical probe approximation by string worldsheet action. Combining the bulk and
boundary term and using the relation (B.10) between sinhwug and the parameters of the
surface operator Oy, in the gauge theory, the expectation value of the Wilson loop in the
presence of the surface operator Oy, is given by

(Wa/2,60 - Os)
(Os)
This probe D3-brane computation reproduces the result of the gauge theory compu-
tation (R.41]) for gauge group U(1) x SU(N — 1).
Note that there is another string solution with these boundary conditions [R3], which

= exp (27|03 + ivy| + 27ia) . (3.52)

h =0 and

as a an ) . )
sinf = )
sinho’ cosh o

(3.53)

sinhu =

This solution does not end on the D3-brane, but is still a solution with the prescribed
boundary conditions. This solution has zero action.

Using the coordinates in the next section and the explicit solution in section 4.4, we
can evaluate the action for arbitrary g — ¢ and #y. There are two disconnected solutions,
found already in [LF] with action

S =+V\cosby. (3.54)

Clearly the solution with a negative sign dominates, but the other one, which is un-
stable, can also be found in the asymptotic expansion of the Gaussian matrix model and
we therefore retain it.

The connected solution, with the contribution of the holonomy on the probe D3-brane
has action

S = —V/X sin b cos(vy — ¢o) sinh ug — 2micy . (3.55)
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Summing over the three saddle points and using (B.10}) we get the result

<W907w0 ) OZ>

(Os) = exp (27T sin Oy (8 cos o + ysing) + 2772'04) +
b

+ exp <\/Xcos 90) + exp <—\/Xcos 00> . (3.56)

This agrees precisely with the gauge theory prediction (R.41)) for Ny =1, No = N — 1
and B3 = 9 = 0 in the large IV limit, including the last term, corresponding to an unstable
solution.

In string theory the difference between a Wilson loop and an ’t Hooft loop is simply
the replacement of a fundamental string by a D-string. Geometrically the surfaces will look
the same with the only difference being a relative factor of 1/gs = 47/g%, in the on-shell
action (B.5(]). In this case the D-strings couples through its boundary to the dual gauge
field on the probe D3-brane, which is now proportional to n (B.1(]). Therefore the final
answer of the calculation of the correlator between a surface operator Oy and an 't Hooft
operator in the probe approximation is

<T90,¢0 ) OE>

2
(O = exp <82i sin 0y (3 cos g + ysinty) + 2772'77) +
b

Iym

+ exp <4\7;])\_V cos 90> + exp <_ 4\7;])\_\[ cos 00> . (3.57)

This calculation done with a D1-brane is exactly the S-dual of (B.56) accounting also
for the S duality transformation oo — n.

4. “Bubbling” surface operators in N' =4 SYM

In this section we perform calculations with surface operators in A" = 4 SYM using the
Type IIB supergravity solutions proposed in [[i] as the gravitational description of surface
operators. We begin with a summary of the main features of the supergravity solutions.
We then review how to extract correlation functions of gauge theory operators from an
asymptotically AdSs x S° bulk solution and summarize the main formulas. We then cal-
culate using the supergravity solutions the correlators of a surface operator Oy, with local
operators, with a Wilson and an 't Hooft loop.

4.1 Surface operator as “bubbling” supergravity solution

In [ff] the gravitational description of all the maximally supersymmetric operators Ox
in /N = 4 SYM was found in terms of smooth ten dimensional solutions of Type IIB
supergravity which are asymptotically AdSs x S°. These supergravity solutions capture
the complete backreaction of the configuration of D3 branes in AdS5 x S° considered in the
previous section, which describe a surface operator Oy, in the probe approximation. Here we
summarize the main ingredients of the solutions needed for the holographic computation of
the correlation functions. See [fi] for more details about the solution and the identification
with the maximally supersymmetric surface operators in N' =4 SYM.
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By analyzing the symmetries of the maximally supersymmetric surface operators in
N =4 SYM one may observe [[j] that the corresponding ansatz for the dual supergravity
solution can be found by performing a double analytic continuation of the LLM ansatz [g,
dual to the maximally supersymmetric local operators in N’ = 4 SYM. The Einstein frame
metric describing a surface operator in N/ =4 SYM is given by

2z +1 2z —1 2y 422 -1
ds® =y | 5—ds? o liog 2 (V)2 + Y a2 o+ dagde,
STE Y\ g %aass Y\ 5 3+,/74Z2_1(X+ )+ % (dy* + daidz;),

(4.1)
while the RR five-form field strength is given by
1 02241 5 243
F5 = 1 <d [y 22_1(dx+V)] Y *3d[ 7 A dVolags,
1 2z —1 z—3
—~ld|y? d — P x3d 21 ) AdQs. 4.2
4< [y2z+1(x+V)} Y k3 [y2 ]) 3 (4.2)

z is a function on the space X parametrized by =1, x2 and y, with ds?x = dy® + dx;dz;
and y > 0. V is a one-form satisfying dV = %* x dz, and hence, the metric and the five-form
are completely determined by z(x1,x2,y).

This supergravity ansatz describes a surface operator Ox in N/ =4 on AdSs; x S, as
the metric in the conformal boundary of (f.I) is that of AdS5 x S*. The choice of AdSs
metric determines the surface ¥ on which the surface operator Oy is supported: AdS3
in Poincaré coordinate corresponds to a surface operator Oy, supported on ¥ = R? while
global AdSs3 corresponds to a surface operator Os; supported on ¥ =S2.

A non-trivial solution to the equations of motion is obtained by specifying a configu-
ration of M point-like particles in X. The data from which the solution is determined is
the particle positions (#7,y;) in X (see figure 1). Given a particle distribution, the function

2(x1,m2,y) is found by solving the following differential equation!*

8yz(331,332, y))

M
) = " 2myd(y — w)d® (& — 7). (4.3)

0;0;z(x1,2,Yy) + YOy (
=1

This equation is equivalent to the six dimensional Laplace equation with SO(4) invari-
ant sources for the variable

z
d=—. (4.4)
Y2
The solution to (#.3)) giving rise to a non-singular smooth metric is given by
.M
2(x1,T2,y) = 5-1-;2’1(331,3327?4)7 (4.5)
where ( 2 ) )
T—2)"+y°+y 1
2(71,T2,Y) = l 3 (4.6)
2/ ((F = )2 + 2 + 97)2 — 472

MThe “charge” Q; = 2my; associated to these particles is fixed such that the x circle shrinks smoothly
at y =y
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b)

Figure 1: a) The metric and five-form flux is determined once the position of the particles in X —
labeled by coordinates (&, y;) where y > 0 — is given. The [-th particle is associated with a point
P, € X. b) The configuration corresponding to the AdSs x S° vacuum.

O-—————————————

Py

O 4-———mm————————

P
/ z
Figure 2: A disk D can be constructed by fibering S! over an interval connecting the “charge” at
the point P, € X with (%, ;) coordinates and the boundary of AdSs x S°.

N

The one form V = Vidz! can be determined up to an exact form by solving dV =

1>kxd2

y

M - o
Vie—es Y (z7 =2 )(Z - 7)* + > —y})
=1 2(7 — fz)Z\/((f — 3+ + ) - iy’

Therefore, the metric and five-form field strength are determined by the integer M
and by the particle locations (z,y;) for I =1,..., M.

As explained in [[f], further data needs to be given in order to fully specify a Type 11B
supergravity solution. These metrics have M non-trivial two-cycles D; and a solution is
fully specified only after we fix the periods of the NS-NS and RR two-form gauge fields on

the two cycles
B B
/ NS, / 2R =1, M. (4.8)
D, 2 D, 2

Therefore, these “bubbling” supergravity solutions depend on 4M real parameters
and there is a one to one correspondence between these supergravity solutions and the
maximally supersymmetric surface operators in N' = 4 SYM, which also depend on 4M
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parameters (ag, 31,7, m). The explicit mapping is given by [f]

o —_ [ Bxs
! D, 27T
) Tp1 + T2
Pitim= —5 5 l=1,....,.M
S
_/ Br
m = D, 27
N,
2 1
= —. 4.9
Y N (4.9)

The ranks of the subgroups of the gauge group L = Hlj‘il U(V;) left unbroken by Os; is

encoded in the positions in the y axis of the M particles via N; = as yl2 determines the

amount of five-form flux through the corresponding S°. In the units where the AdSs x S°
radius of curvature L = 1, we have that yl2 = N;/N.

These solutions are regular but become singular precisely when the path integral de-
scribing a surface operator Oy, becomes singular [[]. This occurs when the unbroken gauge
group near % is enhanced, which corresponds in the supergravity solution to colliding the
charges in figure 1. When two charges collide an S? in the geometry shrinks to zero size

and the solution is singular.

4.2 Gauge theory correlation functions from ten dimensional “bubbling” solu-
tions

Here we summarize the main ideas and formulas involved in extracting the correlation func-
tion of local operators in the boundary gauge theory from the ten dimensional “bubbling”
supergravity solution. We refer to [BY| for more details and derivations.

The asymptotically AdS5 x S° solutions of Type IIB supergravity describing maximally
supersymmetric surface operators Oy, in N’ = 4 SYM are ten dimensional. Holography is on
the other hand an equivalence between quantum gravity with AdSs boundary conditions
and a four dimensional field theory on the boundary [((, [, B4]. Therefore, given a
ten dimensional asymptotically AdSs x S° solution of Type IIB supergravity, one must
systematically reduce the ten dimensional solution to a solution of five dimensional gravity
coupled to — in general — an infinite number of five dimensional fields. Once this reduction
and a local five dimensional action has been found, one can apply the usual holographic
rules [0, [1], B4] and use the bulk five dimensional description to compute the correlation
function of boundary operators. In order to get the renormalized correlation functions in
the gauge theory one must appropriately renormalize the bulk gravitational action using
holographic renormalization [i3—-[4] (for a review and more references see [[{]).

The first step in constructing the five dimensional gravity action from which one can
holographically compute gauge theory correlation functions is to decompose the ten di-
mensional solution into AdSs x S° plus the deviation of the solution away from AdSs x S°.
One then expands the deviation in a complete basis of SO(6) spherical harmonics which
yields an infinite collection of five dimensional fluctuation fields. The decomposition into
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harmonics of the the metric and five-form deviations is given by

hw = Y bl (@)Y (y
hpa(2,y) = Z(Bg“)u(x)Yk( )+ B, (@)DaY ' (y))
hian (@,y) = Y (G3 @)Y3 () + 00 (2) DY, (9) + 6 (2) D Dy Y (y))
ha(x,y) = Y w (@)Y (y), (4.10)

and

fabcdu(x7 y) = Z(Dubg) (x)eabcdeDeyjl (y) + (AIS - 4)b{¢5 (‘7:)€abcdeYeI5 (y))
fabcde(x7 y) = Z bg) (x)All 6abcdelel (y)7 (411)

where z# are AdSs; coordinates while y® are S° coordinates. Y1 Y5 and Y(ilb‘*) are
scalar, vector and symmetric traceless SO(6) spherical harmonics respectively while —AD
and —A’ are the eigenvalues of the d’Alembertian on scalar and vector harmonics (see
appendix A for more details on the relevant spherical harmonics). One must then solve
the ten dimensional Type IIB supergravity equations of motion perturbatively in the
number of fluctuations.

In B the linearized analysis was performed in the de Donder gauge which retains
the physical fluctuations. For our solutions it is convenient to work with gauge invariant
variables as our “bubbling” solution ([.1]) is not in the de Donder gauge. The perturbative
analysis using gauge invariant variables has been carried out by Skenderis and Taylor
in [iq], where they showed that the equations of motion for the gauge invariant variables
indeed coincide with the equations of motion in the de Donder gauge if the fluctuations
in the de Donder gauge are replaced by their gauge invariant counterparts. The gauge
invariant variables to linear order in the fluctuations are given in terms of the fluctuations

in ([{L10), (L11) by BI)

’ﬁ'll — 7T11 —A11¢8)

) 1
no_an 1o
b = by — 5%

Al ol 1 I
By = Bay — 5Pu)
. 1
Is _ 3I5 I
bu - bu 2(AI5 _ 4) DH¢(15))
Pl = gl (4.12)

The gauge invariant fluctuations that diagonalize the equations of motion to leading
order in fluctuations and that couple to the CPO’s OL with A = 2,3, the SO(6) R-
symmetry current J% and the stress-energy tensor Tp,, of N' =4 SYM are [B4]

$2 — % (ﬁﬂ _ 601321>

$3 — ﬁ <7%3I _ 70(;31)
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a _ PHO 70
A = By, — 120,

P = B, + 2 (4.13)

In order to calculate correlation functions in the boundary gauge theory from the bulk
description one must find a local five dimensional action that controls the dynamics of the
gauge invariant fluctuations dual to the gauge theory operators. This requires finding a non-
linear map between local five dimension fields and the gauge invariant fluctuations obtained
by expanding the ten dimensional equations of motion. This mapping is constructed such
that a solution of the five dimensional equations of motion yields a solution of the ten
dimensional Type IIB supergravity equations of motion. This mapping can be constructed
perturbatively in the number of fluctuations. This non-linear map between local fields and
gauge invariant fluctuations has been constructed in [4q)].

Once a local five dimensional action yielding the appropriate five dimensional equations
of motion is constructed, the correlation functions of renormalized boundary operators can
be computed using holographic renormalization. In order to construct the renormalized
correlation function of boundary operators the bulk action must be enriched with a set
of boundary terms to make the on-shell bulk action finite. Despite the fact that the five
dimensional action in general contains an infinite number of fields, only a finite number of
terms in the action are infrared divergent. It is only the bulk fields dual to low dimension
operators in the gauge theory that require boundary counterterms. Once a complete set of
counterterms for the five dimensional action are constructed, one can calculate the correla-
tion functions of boundary operators by taking functional derivatives of the renormalized
bulk gravitational action.

Here we are interested in computing the correlation function of the CPO’s (’)IA with
A = 2,3, of the R-symmetry current J¢ and of the stress-energy tensor 7, with a surface
operator Oy, in N’ =4 SYM. The bulk action that captures the degrees of freedom dual to
these operators is given by [, g

Shulk = évz Az~ ( —+ = G’“’a 00,0 + - G’“’(‘) U9,V — 202 — —\112
4\/_ 3 1 a a
=% - 1—6FWFW> (4.14)

where Fyj, is the field-strength of a vector potential A}, and Gy, ©, ¥ and Aj, couple to
Ty, Oh_s, OIA:3 and J¢ respectively and a is an SO(6) vector index. The boundary
counterterms required to have a finite on-shell action and from which the correlation func-
tion of renormalized operators can be computed can be found by solving the equations of
motion of (f.14) near the boundary of AdSs. They are written down in [, f§].

In order to calculate the one point function of these local operators using the bulk
description it is convenient to write the five dimensional metric G, in the Fefferman-

5This action is written, as throughout the rest of the paper, in units where the radius of curvature of
AdSs x 8% is L* = dng,N1* = 1.
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Graham form
2 dU2 1 2 m j,..n
dss = Niel + [iE (G(O)mn +U G(2)mn + .- ) dx™dx", (4.15)
where in our case Gq) is the AdS3 x S ! metric on the conformal boundary at U = 0, where
N =4 SYM lives. The bulk fields ©, ¥ and A, also have a near boundary expansion. It

is given by!'6

3
Al (z,U) = U? [AS], (z) Y1 4 - (4.16)
where [-] is the normalizable mode of the field.

Evaluation of the on-shell one point function of the renormalized bulk action shows
that the vacuum expectation value of these operators is captured by the normalizable mode
of the dual bulk field. In order to calculate the one point function of a unit normalized
operator, we must divide the one point function obtained from supergravity by the square
root of the two-point function obtained from supergravity [Bf], such that the supergravity
computation of the vacuum expectation value corresponds to that of a unit normalized
operator with two-point function given by (B-27). After taking this into account, we have
that the one point function of the CPQO’s OIA with A = 2,3 and of the R-symmetry current

are given by [, fif)'"

N
(Of) gy = N2 1),
N
o, = 3 ),
N2
(o, = ~ oo 45],. 1)

The computation of the vacuum expectation value of the stress-energy tensor T, is
more subtle as the bulk scalar field ©(x, U) enters in the renormalization procedure for the
five dimensional metric. The formula for the vacuum expectation value of the stress-energy

tensor is given by [i3, ]

N2 2. .
(TmN>OE = 2—71_2 <g(4)mn - § [321]2 [821]29(0)mn
1

1 1 3
+3 [Trgfyy — (Trg(2))?]9(0)mn — 3 (9Fa)Jmn+ 19@mnTr90) +3 h(4)mn> . (4.18)

In this formula g(.),,,, denotes the various terms in the near boundary expansion of the ten
dimensional metric in the Graham-Fefferman coordinate U in ({.15).

18Tn our solutions the bulk fields do not have a source term and therefore we do not write it. In a general
solution a non-normalizable mode has to be added to these asymptotic solutions.
"The current J), is normalized so that it has the canonical two-point function [@]
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As explained in section 2, the expectation value of a local operator ((’)>o2 in a non-
trivial state of the gauge theory on AdSs x S' corresponds to the two-point correlation
function of the surface operator Oy, with the local operator © in N' =4 SYM on R*

Ox -0
(O 0) (4.19)
(Ox)

Therefore, we can calculate these correlators computed in the previous sections in other

regimes by using the supergravity description of surface operators.

4.3 Correlator of surface operators with local operators from “bubbling” solu-
tions

We can now compute the correlation function of a surface operator Ox. with the CPO’s
OX of A = 2,3, with the U(1) current J and with the stress-energy tensor T, of N = 4
SYM using the holographic correspondence. The analogous calculation for local operators
has been carried out by Skenderis and Taylor in [BY]. As summarized in the previous
subsection, the computation of the correlator of Ox. with these local operators requires
extracting the appropriate coefficient of the near boundary expansion of the corresponding
fluctuation mode in ([£17), (.1§) from the “bubbling” supergravity solution (f.1]), ({.2).

Before looking at the fluctuations, we write down a reference AdSs x S° solution,
which is the metric ([L1)), (E-2) with a single particle source. If the particle position is at
(#©,4©) = 1), then in the coordinates

- xﬁo) +i(2? — xéo)) = re'®
r = Rsin@
y =1+ R?cosf
1
X = 5(7/1—@
a =1+ o, (4.20)

we have that:
Z(O) N 1R2+COS20+1
2 R?+sin?0
1 R? —sin%0
= -—————da.
2 R? +sin* ¢
Inserting (f.21]) into ([1) results in the AdSs x S° metric with AdSs foliated by
AdSs xSt slices'®

(4.21)

2
ds® = |(1+ R*)ds%yg, + % + R%dip? + cos® 0dQs + db? + sin” Adg? | . (4.22)

The five-form flux (f.9) is given by

Fs = R(R? +1)dR A dip A d Vol aqs, + cos® 0 sin 0dé A df A dS2s. (4.23)

18 This is the same as () with R = sinhw.
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The supergravity solution ([£1), ([.2)) describing a maximally supersymmetric surface
operator Oy, is characterized by a choice of particle distribution (Z,y;) with l =1,..., M.
This determines the function z(z1, z2,y) and the one form V. For computational purposes
we find it useful to use the function ® ([.4), which is given in terms of z(z1,z2,y) by

z

d =" 4.24
) (4.24)
We then rewrite ®(x1, z2,y) and V7 (21, 72,%) as deviations from the reference AdSsx S°
solution
0
d=30 4+ A0 30 = 29
M y2 M

V=v0 AV (4.25)

It turns out that the most useful reference metric, around which the fluctuations are
minimal, is the one centered around the center of mass defined by'?

M M
FO =N "z, > yi=1 (4.26)
=1 =1

Furthermore, to simplify the calculations, henceforth we take that Z(© = 0.

Now, since the function A® solves the six dimensional Laplace equation with SO(4)
symmetry, all the fluctuations can be expanded in a basis of SO(4) invariant harmonics
Y&* of SO(6) (see appendix A for a summary of their properties). Therefore

A A,—k
AD = Z Z Adp g w, (4.27)

RA+4
A>2 k=—A,—A+2,...

where 6, ¢ are coordinates on the S® ([.23). The A = 1 term in ([.27) vanishes in the
center of mass frame which we have adopted.

By doing the calculation in the center of mass frame (f.24) with 7(*) = 0, we get from
the M particle solution ([{£F), () that?°

M y2 1
sowy =33 (- )
=1

2
M
ADy 19 = 6T (w1 + imy 0) 7
=1
- 1
Aq)g,il = 8\/§€$2¢ Z(:EIJ + ’iﬂjl,g) <:flz - yl2 + §>yl2
=1
M
Ad3 13 = 8v2eT3 N (a1 + imy )7 (4.28)
=1

YRecall (@) that y? = N;/N, and is therefore a natural weight for the point ;.
20These expression will also be valid away from the center of mass frame, with a subtlety appearing only
in A®3 +1, where the factor of 1/2 needed to be determined by a separate calculation.
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Now to calculate the desired expectation values of Oa g, JJ5, and T;,, we use the rela-
tion ([L17), (L1§) between the expectation values and the fluctuations [%/] o Ed 35 [Afj] N
and g(.y,,- These in turn are related to the moments of A® which we have just calculated
by following the procedure in section 4.2 as we outline now.

We need to find the asymptotic form of the metric and five-form and then expand it
in spherical harmonics as in (f.10), ([.11)). This is done by plugging the coordinate trans-
formation (f.20) into the M particle solution ([L.5), (.6), (7]) and expanding for large R.
In the multi-particle case this will not yield a manifestly asymptotically AdSs x S® metric.
This can be fixed by modifying the one-form V' (.4). Recall that V is determined from z
by solving the equation ydV = xxdz and hence is only determined up to an exact form. In
order to make manifest the AdSs x S° asymptotics we add to V in ({.7) an exact one form

V-V +dw. (4.29)

The explicit expression for w that yields the desired asymptotics is given in appendix D.
Now we can compute the various fluctuation modes. The warp factors in the met-
ric (L.)) can be parametrized as follows

-1 zv1 .,
Y\ 3oy = Co8 6(1+ A), y 22_1_(R +1)(1+ B),

2 _
\/%E(Rz—ksiﬁ@)(l—i—(?), 42-1__(+D)
Z _

2y (R? +sin%0)’
The functions A, B, C, D encode the deviations of the metric away from AdSsxS®. We
express them in terms of A®, which scales (in the center of mass frame) like 1/RS for large

R (E27). Up to O(1/R*) they are given by

(4.30)

= %R“A@ + R?sin? OAD — éRS(ACI>)2
B = —%RA‘A(I) — R%sin? OAD + SRS(ACP)Q
— —%RA‘A(I) — R?AD + §R8(A<I>)2
— %R‘*ACD + R2AD — %R8(A<I>)2. (4.31)

We also expand the five-form flux ([.2) in a large R expansion. The expression for A®
is obtained from the explicit expression for the M particle solution ([.F), ([-).

We now need to use (.10), (.11) to calculate the fluctuation modes that appear
in ({.17), (.18) which are needed for the computation of our correlation functions. Recall-
ing the expression for the gauge invariant fluctuations ([.13), we finally have that

[glk]z - % (AD),, | k=2,0,-2
[g?”k]g - 1—12 (AD);, k=31,-1,-3
4] = —% (A®), . (4.32)
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Now we recall the expressions for the moments of A®, which we calculated in (4.2§)
and can immediately write down the supergravity answer for the correlator of a surface
operator Oy, with the CPO’s Oax (R:29) with A = 2,3. Writing the answer in gauge
theory variables using ([.g) we get that

(O5-050) 1 872 (& s, 9. A N-=N
7<OE> —Wﬁ<;]\fl<(ﬂl+%)+m ON > )

Os - O 90 M

% - %%ZNI(@JFWF,

Ov O L 8n A N —2N,

< ?02>3’1> :z|z|2m3/2 <2Nl<ﬁl+%> 2 Tl> <ﬁl+m>>,

Ox -0 1

% T3 \/_/\3/2 ZNI (B +im)*. (4.33)

The remaining correlators can be obtained by complex conjugating ([E.33).

To compare with the probe brane calculation (B.43) in the previous section, we consider
the result of the supergravity calculation (f.3J) for Ny = 1 and N = N — 1. Then we
impose the center of mass condition, which is valid for the probe calculation and finally
take N — oo limit. The results are in precise agreement.

We can compare with the gauge theory for arbitrary surface operator parameters
(N1, B, w)- As in the case of the probe calculation (B.43), the supergravity computa-
tion matches exactly the gauge theory result (R.30) for operators with A = |k| and the
semiclassical gauge theory result in (R.30) exactly matches the leading term in the super-
gravity computation ([£.33) for the rest of the chiral primary operators. The supergravity
computation suggest that the loop corrections to the gauge theory result for the correlator
between Oy, and Op j, truncate at order AA=[k])/2 21

The vacuum expectation value of the U(1) current J§, in given by?2

(4.34)

2N &
) _ ey 2 2 AN
<J1/’ >(92 N <Nl(ﬂl )+ 472 2N

A N—Nl>
: .
=1

(]

The first term agrees precisely with the gauge theory result (R.34) and the second
captures the one loop correction.

We now proceed to calculate the correlator of Oy with the stress-energy tensor Ti,,.
We first calculate the near boundary expansion of the metric along the AdS5 directions. It

21 This conjecture further requires that there are no 1/ V/A correction for these observables in supergravity.

22In computing the correlator with J% we have used that the supergravity solution is U(1) invariant
and that this U(1) is the diagonal sum of the U(1) C SO(1,5) generated by J¥ which rotates the space
transverse to ¥ and the U(1) C SO(6) subgroup of the R-symmetry generated by Jy. The U(1) symmetry
implies that <J,§ﬁ>oz = <J,?;>OZ.
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is given by

Abyy  (ADysADy_ 1)\  dR? (ADy  ADy )
2 2 2 2.0 2.k 2,—k _ 2.k 2,—k
ds” = dv <R T LBR T 6 x 2R ) RZ+1 <1 3 % 24R1
A®D (ADy  ADy 1)
2 2 4 2,0 2k APy
+d8Ang <R + 12\/§R2 6 % 24R2 > ) (435)

where we sum over the U(1) charge k = 2,0, —2.
The correlator of Oy, with T,,,, can be obtained from formula ([.1§). This requires
bringing the ten dimensional metric into the Fefferman-Graham form ({f.15). In order to

bring the metric ([.35) into this form we must perform the following change of coordinates

1 1 1 (1 (ADyADy )
= (1 — 4+ —(=— ) )
v R< 4R2+R4<8 24 x 24

1 1 Ady  ADy
R=— <1 - U7 (A2 x AP, k)U4> . (4.36)

U 24 x 24
In the Fefferman-Graham gauge the metric (.35) is given by

482 — du? <L 1 18+ 24V3A%y0 + (A@MA%,_,C)W) LA

2 + 288

1 1 18 —-8V3Ad APy ADy
\/7 2,0 + ( 2,k 2, k‘) U2> . (437)

ds> — =
ta5Ads; <U2 tagt 288

Now we can read off from (f.37) the various terms in the metric (g(1), 9¢2), 9(0)) that
enter in the formula of the correlator of Os; with the stress-energy tensor Ty, () The
correlator is given by

N? 3 1
T =—|——+—=A0
< ww>(92 272 ( 16 + 4\/§ 2,0)7
N2 (1 1
Tu)oy = 5 | = — —=A%20 ) gass 4
(Tab) 0y, ) (16 12V3 2,0) Gab (4.38)
where gqp is an AdS3 metric and the explicit expression for A®, is given in ([.2§). More
explicitly
M
A N—-N,
N M A N—N,
Ta = N, — ab - 4.

The X independent term encodes the Casimir energy in the gauge theory. The lead-
ing term in A precisely agrees with the gauge theory calculation in the semiclassical
regime (2.35). The last term can be interpreted as the one loop correction to the gauge
theory result (R.33), and suggests that the correlator of Oy with the stress-energy tensor
T.nn receives only a one loop correction.

We note that the trace is (T,7') oy, = 0, which reproduces the fact that the conformal
anomaly of N/ =4 SYM on AdS3 x S! vanishes.
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4.4 Correlator with Wilson and ’t Hooft loop

We turn now to calculating the Wilson and 't Hooft loop expectation value in the super-
gravity background describing a surface operator Oyx;. As usual in the holographic dual,
the Wilson loop is described by a classical string [B7, BJ. As in the calculation in the probe
approximation in section 3.4, we have to identify the boundary conditions on the string
stemming from the parameters of the Wilson loop Wy, 4, (R.38) and 't Hooft loop Tp, -
Unlike the probe approximation, here the string has no D3-branes to end on, rather it will
wrap a non-trivial cycle in spacetime and close smoothly on itself, as we explain shortly.

To understand the boundary conditions we look at the asymptotic form of the met-
ric (1.20), (1.29) and impose the same conditions as in the probe calculation in section 3.4.
At the boundary, where R — oo, the string should wrap a circle of S® at 6 = 6, so the
coordinates r and y in ({.20) should diverge with a fixed ratio r/y — tanfy. The string
wraps circles both in AdSs and on S°, parametrized by ¥ and ¢ with a relative phase
a =1 + ¢ = 1)y, corresponding to that of the Wilson loop Wy, 4, (.3).

To get a smooth string solution with these boundary conditions, it has to have the
topology of the disc and close smoothly on itself. Recall that the x circle shrinks to zero
size at each of the sources (#,y;), so the string should extend from the boundary to one
of the sources.

We take the ansatz where only x depends on 7

r; = xi(0), y=y(o), x="1+n(0). (4.40)
Using the metric ({.1), the string action in the conformal gauge is

Vaz2 — 1

\/X 2y / 2
S—E/dUdT T((n—l—Vg) +1)+ 2y

2
i W +x§x§>> o ay
where V, is the pullback of the one-form V in the ¢ direction.
There are two Virasoro constraints for the diagonal and off-diagonal pieces in the
stress-energy tensor

n+V,=0
49
2 .
Yot = 121" (4.42)
The first equation will give n, once we solve for V' (which depends only on (&, y)).
Then plugging the second Virasoro constraint into the equations of motion for the x; and

y one finds

4.4

These equations mean that the ratios of ¢/, 2 and z/, are constant along the worldsheet.
Therefore the string is given by a straight line in this space!
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These equations are actually unnecessarily complicated, since they are in the conformal
gauge. We can switch to the Nambu-Goto formulation, the string action is very simple

\/X 2 1ot
= g/dadﬂ/y + iz, (4.44)

In this formulation 7 does not appear and can be set to zero. The action is clearly just
the length functional in (Z, y) space, which is solved by straight lines. These worldsheets
correspond to the disks spanned by the straight lines in figure 2.

As mentioned above, the solution will have to extend from the boundary of spacetime
to one of the sources, where the x circle shrinks away. The length of the ray emanating
from the source (&, y;) in the direction of the boundary point

(R sin 0y cos g, Rsinfysinty, Rcosby), (4.45)
with R — oo is given by
R — y; cos By — sin Oy (2 1 cos 1o + 212 sin 1)) . (4.46)

Recall that the “bubbling” supergravity background also has an NS-NS two-form gauge
field so in addition to the Nambu-Goto term, the action includes the flux through the
worldsheet, which according to ([.9), for a string ending on the source [ is —2mqy.

After integrating over 7 and removing the usual infrared divergence, which here is
proportional to the cutoff R, the total action is

S = — (y1cos by + sin (1,1 cos g + 272 8in 1) + 2miay) . (4.47)

Finally we use (.9) to rewrite the result in terms of the parameters from the gauge
theory description, and sum over the different classical solutions, one for each source to get

Oy - W, D)
M ~ Z exp [ 2% cos 0o + 27 sin Oy (5; cos Y + ysin ) + 2miay (4.48)

As was mentioned in section 2.4, when expanding the exact result of the matrix model
that captures the supersymmetric Wilson loops one finds two saddle points, one with a pos-
itive exponent of v/X and one with a negative one. In [BJ this was reproduced from a second
string solution, an unstable one. Such solutions exist also in our case. The reason is that
the (Z, y) space is restricted to y > 0, but the plane at y = 0 is not a boundary. In fact, if we
consider a string with the ansatz ({£.40), it would simply be reflected from the y = 0 plane.

We therefore have to amend (f.46). There isn’t a unique geodesic from the boundary
point (.45) to each of the sources (Z7, y;), but two. The second one is reflected through
the y = 0 plane and its divergent length is?3

R + y; cos By — sin Oy (1 cos 1o + 212 sin 1)) . (4.49)

2 This is immediate to derive by using the method of images with a source at the point (Z1, —y)-
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In addition to (4.4§) we therefore find another sum coming from the other saddle
points, which should all be unstable

Oyx. - W, AN,
—< 2 oo/ Zexp [ \/ == cos Oy + 27 sin Oy (5; cos Yo + ysintpg) + 2micy | . (4.50)

Note that the sign change is only on the first term in the exponent.
The sum of (.4§) and ([.50) is in precise agreement with the result of the gauge theory
calculation (R.4])) including our expectation for the term coming from self-contractions of

the extra scalar ¢'. We could not reproduce the prefactors which would require a string
one-loop calculation to determine.

For an 't Hooft loop Tj, 4, we get the same action, except that the string tension is
multiplied by a factor of 1/gs = 47/g%,; and instead of coupling to the NS-NS field it gets
a term from the RR field. The correlator is

/NN, 82
4T 3 L cos O + 2i(ﬁl cos g + 7y sin ) sin Oy + 2mwin
9y

M
(4.51)
to which again we should add the contributions of the unstable saddle points. This result

is S-dual to ({.4y), accounting for a; — 7; and also matches the general expectations for
the behavior of the 't Hooft loop as discussed in section 2.

5. Discussion

In this paper we have began to study the properties of surface operators Oy, in N/ = 4
SYM performing various explicit calculations with them. We have studied the properties
of surface operators Oy, using three different realizations, consisting of the gauge theory de-
scription, the probe D3-brane description and the “bubbling” supergravity description. We
have found that a rather nice story emerges between these different realizations, allowing
for precise matching between quantities computed using different descriptions.

For the expectation value of the surface operator with ¥ = R? we found from the gauge
theory and from the probe approximation that the expectation value is unity. It would be
interesting to learn how to perform this calculation in the framework of the “bubbling”
solutions, but it would probably be more advantageous to do it in the case of the surface
operators in the six dimensional theory dual to M-theory on AdS; x S* [7], since unlike
our case, those operators do suffer from conformal anomalies.

For the correlator of a surface operator Oy, with a chiral primary operator Oa j and
with a Wilson loop Wy, ., we did the calculation in the three different realizations of
the surface operator Oy and found remarkable agreement. The leading behavior agreed
between all three regimes. Particularly exciting is the case of the Wilson loop, whose expec-
tation value depends in general on the parameters of the surface operator (N, G, Vi, ),
those in the Wilson loop (6, ¥p) and the 't Hooft coupling A.

In all these cases we restricted to a purely classical calculation on the gauge theory side,
but we expect that those correlators will receive some quantum corrections. Remarkably,
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the computations performed in the probe approximation (B.43) and using the “bubbling”
supergravity description precisely reproduce the semiclassical gauge theory result (2.30).
Moreover, we have found that the correlator of Oy, with some local operators have extra
terms in (B.43), (£.33) which are of higher order in the 't Hooft coupling compared to
the semiclassical gauge theory result (R.3(), and that nicely organize into a perturbative
expansion in A. Given these results, our expectation is that there are perturbative correc-
tions to (2-30) which, nevertheless, terminate at at finite order in the expansion in .24
In particular, our results suggest that the correlator of Os; with a chiral primary operator
O k. terminate at order® MA=IED/2 veproducing (B43), (33). It would be interesting to
reproduce this structure of the corrections directly from the path integral description of
surface operators Os.

In the case of the Wilson loop Wy, 4, we saw the appearance of terms of the form
++/AN;/N ([48), which we attribute to the extra scalar ¢! in (2:3§). Again, we did not
pursue the exact perturbative calculation of its effect, but we anticipate that it will give
some modification of the matrix model of [24] and [2F], perhaps along the lines of [2§-Pg].

There exists a definition for the gauge theory in the presence of the surface operator
Os also beyond the classical level. The path integral has to be done in the presence of
the prescribed singularity. But concrete calculations have never been performed with that
prescription (prior to this paper no calculations have been done even in the classical limit).
Our results raise the prospects of being able to do such calculations in practice and in
the supersymmetric cases considered in this paper possibly improving on our results and
computing all quantum corrections. It would be interesting to use localization techniques
to study whether the path integral of N' =4 SYM in the presence of a surface operator
Oy, becomes that of a reduced model, extending the recent result of Pestun [i§], who has
derived the matrix model in [B4, P§] by analyzing the N' = 4 SYM path integral in the
presence of a supersymmetric circular Wilson loop.

The fact that a supersymmetric surface operator Oy in N' = 4 SYM has multiple
realizations where calculations can be done with precise agreement has an analog in the case
of supersymmetric Wilson loops. These can be described in a variety of ways, perturbatively
in N = 4 SYM P4, B, as strings in AdSs [B7, BY, B9, [[0], as a configuration of D3-
branes [f(—FJ] or as a configuration of D5-branes [53, Bf], and finally as asymptotically
AdSs x S5 “bubbling” supergravity backgrounds [54—F6]. This paper aspires to be a first
step in generalizing the impressive series of comparisons done for Wilson loops between
gauge theory calculations and probe calculations. Much dynamical information can also
be extracted from the “bubbling” geometries for Wilson loops [p7, bg], extending the results
obtained for Wilson loops

in the context of topological string theory [BJ] using “bubbling” Calabi-Yau’s [p(, F1].

It would be interesting to perform similar computations to the ones in this paper for
the surface operators of order type constructed in [JJ. One can also consider maximally

supersymmetric domain walls in A/ = 4 SYM. For these the gauge theory realization is

24This conjecture further requires that there are no 1/\/X correction for these observables in supergravity.
ZNote that A — |k| is always even, so we get a standard perturbation expansion in the 't Hooft coupling
A

— 41 —



given in terms of the low energy limit of the Hanany-Witten like setup involving D3, D5 and
NS5 branes [p3], the probe brane description is given by the branes in AdSs x S° found by
Karch and Randall [p3], and the “bubbling” description is given by the smooth Osp(4|4)
invariant supergravity solutions found in [p4, pJ, [6§]. The gauge theory description of
supersymmetric domain walls in N' = 4 has been considered in [66-[g], and a recent
systematic study of supersymmetric boundary conditions has appeared in [9, [(].

The maximally supersymmetric operators in N' =4 SYM are of great interest. Unlike
the vacuum, there are many of them, with their classification still not complete. Yet, they
posses a large degree of supersymmetry, sixteen supercharges, and therefore their dynamics
are under good control, in some cases to all orders in perturbation theory.

The maximally supersymmetric local operators in N/ = 4 SYM are captured by a
reduction from the four dimensional gauge theory to a matrix quantum mechanics of a
single Hermitean matrix [[{1]], and are classified in terms of Young tableau. This matrix
model can then be solved in terms of free fermions whose phase space has been identified
by LLM in terms of boundary conditions for the “bubbling” supergravity description [§.

The maximally supersymmetric Wilson loops in A/ = 4 SYM are also of great interest
and unlike the case of local supersymmetric operators, circular Wilson loops get contribu-
tions from all orders in perturbation theory. In fact the circular Wilson loop in NV = 4 SYM
is captured by a zero-dimensional matrix model @, @], a result that has been derived
recently using localization [£§]. This matrix model reproduces correctly the expectation
value of the loop as calculated by strings, D-branes [p(, pJ, {3 and also reproduces

properties [[3 of the “bubbling” supergravity description [57, f§. Modifications of
the matrix model also encode the interaction of Wilson loops with local operators [Rg].

It is tempting therefore to try to see if there exists a matrix model that captures the
essential properties of the maximally supersymmetric surface operators. We speculate in
the following paragraphs over a possible candidate. It would be interesting to use local-
ization to derive the reduced model capturing the properties of maximally supersymmetric
surface operators in N’ =4 SYM.

Let us stress from the onset that it is not completely clear what properties this matrix
model should capture. In the case of the supersymmetric circular Wilson loop, it calculates
its expectation value, which may translate to some conformal anomaly in our case. Alas
we saw that the maximally supersymmetric surface operators Oy do not have a confor-
mal anomaly. But one property that we do expect it to capture is the classification of
surface operators in terms of a Levi group L = Zf‘il U(N;) € U(N) and the parameters
(ag, Bryyi,m) with 1 =1,..., M.

One can consider a zero-dimensional complex matrix model with only a commutator-
squared action

7Z = /chexp (ﬁm@, <I>]2> . (5.1)

A vacuum of this matrix model is given by a matrix that commute with its complex
conjugate. Such a matrix can then be diagonalized with eigenvalues [ + i, and the
remaining symmetry, which depends on the degeneracy of those eigenvalues, would be
exactly such a Levi group L = S U(N)).
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This matrix model has an interesting feature. Due to the lack of a quadratic term in
the action, when the path integral (b.1) is written in terms of its eigenvalues including the
proper gauge fixing, the usual Van der Monde determinant is exactly cancelled by a similar
contribution from the Fadeev-Popov determinant [[f4, [7g].

Normally the eigenvalues are repelled from each-other due to the Van der Monde
determinant, and this repulsion can then be captured by assigning the eigenvalues Fermi
statistics. For our matrix model, there is no such eigenvalue repulsion and the vacua may
well consist of a large number of coincident eigenvalues.

It is therefore natural to assign to the eigenvalues of the matrix model (f.1) Bose statis-
tics, which nicely captures the structure of boundary conditions of the “bubbling” solutions
for surface operators Oyx. The structure of the “bubbling” supergravity solutions for the
surface operators Oy is similar to that of the maximally supersymmetric local operators
in N' = 4, where there is also a 3-dimensional space X, with coordinates (z1, w2, y). The
main difference between the “bubbling” solutions for local operators and surface operators
is, however, in the boundary conditions for the Laplace equation ([.J), which determines
the metric and five-form.

In the case of local operators the supergravity data which determines the solution
is captured by binary information on the y = 0 plane, which is interpreted [§ as the
occupation number of the free fermions. In our case, corresponding to maximally super-
symmetric surface operators Oy, the data which determines the solution is given by the
position of point-like sources away from y = 0 (see figure 1). Projecting this picture on
the y = 0 plane, it can be interpreted as a distribution of bosons. The distance in the y
direction which represents the number of coincident D3-branes (or eigenvalues) through
yl2 = N;/N, is interpreted as their occupation number and is indeed quantized in terms
of positive integers. The “bubbling” solution for local operators is encoded in terms of
fermionic eigenvalues, while the “bubbling” solution for surface operators is encoded in
terms of bosonic eigenvalues, a property captured by the matrix model (B.)).

One can enrich the matrix model (5.1]) by inserting other observables in the integrand
made out of the fields ® and ®, such as chiral primary operators. At least at the semi-
classical level this matrix model captures the correlators of the surface operator Oy with
chiral primary operators.

While this picture is satisfyingly consistent, the matrix model (f.1]) has some short-
comings in describing the surface operators Oyx. For example, it does not capture all the
details of the vacuum structure. In particular, it does not capture the parameters «; and
1 needed to fully characterize a surface operator Oy, and that enter in the correlators od
Os. with the Wilson and ’t Hooft operators.

One may be even more ambitious and hope to find a reduced model that captures the
interactions between the different objects considered in this paper, including Wilson and
't Hooft loops. An example to keep in mind is the normal matrix model, which in [R§]
was shown to reproduce the interaction of maximally supersymmetric local operators and
maximally supersymmetric Wilson loops.

A possible avenue is to replace the 0-dimensional matrix model (f.I) with matrix
quantum mechanics, as is the case for the local operators. Given that instead of the theory
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on S% x R we are dealing here with A" =4 SYM om AdSs x S', we propose to Wick-rotate
and compactify the time direction. We propose to consider matrix quantum mechanics of
a single complex matrix at finite temperature

1 1 1. -
L=Tr §\D¢(I>]2—§\<I>]2+Z[<I>, 32| . (5.2)

Here the v direction is compact and the covariant derivative is Dy, ® = 0y ® —i[Ay, P].
In a vacuum of this theory, one can choose a gauge where A, is diagonal, and it would
then be characterized by the parameters o; in (.1) that label a surface operator Os.

In this matrix model it is easy to define, in addition to the local operators, a Wilson
loop operator wrapping the 1 direction, which would be similar to (R.3§), at least for
0o = /2. More degrees of freedom would be required in order to capture the dynamics of

the extra scalar field ¢!. We leave these speculations for future investigation.
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A. Spherical harmonics

In this appendix we summarize some of the properties of SO(6) spherical harmonics
(see for more details). The scalar and vector SO(6) spherical harmonics satisfy the
following equations,

AYT = Ay D Al = —A(A +4), A=0,1,2,...
AY)s = Ay s, A = —(AZ 4 4A —2), A=1,2,..., (A.1)

where A is Laplacian on S°. They are normalized as follows
/ yhyht = g3z(A)h ),

/Yafssta — 7.‘.32;(A)515J5’ (AZ)
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where

1
A) = . A.
) = mTa BTy (A.3)
We consider the following metric (B.1]) on S°
ds? = cos? 0dQs + db? + sin? 0d?, (A.4)
where 6 € [0,7/2] and ¢ € [0, 27].
The SO(4) invariant scalar spherical harmonics of SO(6) are given by
YAM0,0) = cany™* (0)e™, (A5)
where A is a non-negative integer, k € (-A, —A+2,...,A—2,A), caj is a normalization
constant and y®F is given by a hypergeometric function
Ak _ o |K| 1 1 2
y=r =sin'"1 0 o Fy —§(A — |k]),2+ §(A + |k|), 1 + |k|;sin“ 0 | . (A.6)

For the computations in this paper, we need the following scalar spherical harmonics
Y20 = L(3sin29 —1)
2V/3 ’

- sin® feFiA?, (A.7)

AEA
Y 2A/2

y3E = ? sinf(2sin? @ — 1)e*

and vector spherical harmonic

yi= \% sin’ 0d. (A.8)

In order to write down the explicit form of the dimension A = 2,3 SO(4) invariant
chiral primary operators (2.29) we write the spherical harmonics in ([A-§) using the following
embedding coordinates

X' = cos6 O i=1,...,4
X5 = sin f cos ¢, (A.9)
X6 = sin fsin ¢,

where 337, ©2 = 1.
Evaluating the harmonics at 6 = /2 we get that YAF(0 = 71/2, ¢) = O e™*?, where

Coo=1/V3,  Chsa=1/2, Cs41=+V3/4,  Csi3=1/2V2 (A.10)

are obtained from the normalization condition ([A.2).
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B. Supersymmetry of Wilson loops

We review here the supersymmetry calculation for the Wilson loop (R.3§), as done in [RJ]
and show that they are compatible with those preserved by the surface operator Os;. We
follow the notations in the appendix of [{f], using 10-dimensional gamma matrices such that
the variation of the two components of the gauge field gives terms with the gamma matrices
7% and 72 and of the two scalars in ® and ® gives v® +i7?. In addition the variation of
the extra scalar ¢! gives 2.

The supersymmetry variation of the Wilson loop Wy, 4, (R.3§) gives an expression
proportional to

< sin ¢ (—ivy? + sin 6 sin ¢gy® — sin 6 cos 1yy?)
+(cos ¥ (iy> +sin By cos 1hy® +sin Oy sin 1gy”) +cos 6074) (€1+cos Yy ey+sin 1/1’}/362) (B.1)

Here €; are the parameters of the Poincaré supersymmetry transformations and ey are
the parameters of the of the conformal supersymmetry transformations. The supersym-
metries preserved by the loop are those where the above expression ([B.1) vanishes for all
. One can therefore expand (B.1)) in Fourier modes and get different equations for each
Fourier component: 1, sin, cos 1, sin 2y and cos 2.

It turns out that requiring all these projectors to annihilate the spinors is a consistent
set of equations which have 8 independent solution (for §y = 0 there are 16). Therefore
such a Wilson loop is quarter BPS.

These equations in general relate €; and €3, but we can separate them and find the
following equation that is satisfied by both spinors

sin 0 [ sino (V2 + %) + cos vy (7% — ) ]e = 0. (B.2)

The supersymmetries unbroken by the surface operator in the plane transverse to the
loop are the solutions to the equations [ff] (and see also the next appendix)

Y2389 € = —€, (B.3)

with either e; or ey. It is easy to check that any solution to (B.J) automatically solves (B.9).
Therefore the presence of the surface operator Oy, does not break any of the supersymme-
tries left unbroken by the Wilson loop (B.3§), they share eight supercharges.

In the special case of the maximally supersymmetric loop, for 6y = 0, the surface
operator does break half of the supersymmetries of the Wilson loop, so the combined
system is quarter supersymmetric, i.e. preserving eight supercharges, like the generic case.

C. Supersymmetry of probe D3-brane

In this appendix, we study the supersymmetries left unbroken by a probe D3-brane corre-
sponding to a surface operator Os.. To avoid the complications of Euclidean supersymme-
try, we consider Oy, supported on ¥ = R in R%3. We take the metric on AdS5 x S° to be

9 3 j-1 4
ds? = % + w?(—da? + da? + dxd 4 dod) + do3 + Z H sin? §; d@? + H sin? 0; dp?. (C.1)
j=1i=0 =0
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The Killing spinor of AdSs x S® in this coordinate system is given by [[7q]

_1 1 1
€= |—W 24 h(927 (b) +w? h(97,7 ¢)xm7m) 72 + w2 h(¢27 ¢)7717 (02)
where 7, are the tangent space gamma matrices and
Wi, ¢) = 65907456%917566%927676%93“/786%45789‘ (C.3)

11 and 7o are constant ten dimensional complex spinors that have positive and negative
ten dimensional chirality respectively,

Ym = —n, Yiime = 12, (C4)

which also satisfy

m = (1 —iyoe3)er, M2 = (1 +iv0123)e2, (C.5)

where €1 and € are ten dimensional Majorana-Weyl fermions with positive and negative
chirality. At the boundary, €; is identified with a Poincaré supersymmetry parameter and
€o with a conformal supersymmetry parameter of the dual gauge theory.

The embedding of the supersymmetric probe D3 brane (B.§) is given in this coordinate

system by
. sinh wug 7

) 0i2_7 1/1+¢:¢07 (06)

w 2

where zg 4 iz3 = r ™. In this metric and embedding, the induced metric on the D3-brane

is Ang X Sl

dw? w2

ds? = cosh? g —t—a
w cosh” ug

(—da} + dx?) + d¢2>. (C.7)
The supersymmetries that are preserved by the D3-brane are those that satisfy
['x€|p3 = €|p3, (C.8)

where e is the Killing spinor of the AdSs x S° background given in (C-3), and T is the
Kk-symmetry projection matrix

I'. = —Z'ﬁ]s]lgl Opxt 012" O,,2” 8¢a:" F;wpa . (Cg)

For our D3 embedding (@)

. sinh? u sinhug .
iLpeil'x = Lotwe + TO Lo123 — 3 0 sin(¢ — ¢o)(Wlotw2 — Foi3g)
sinh u
E— % cos(¢ — d0) (Wlo1ws + Lorze). (C.10)

The gamma matrices appearing in the last two equations are related to the tangent

space v matrices by

1
Iy =wvyyu, szam, I'y=19. (C.11)
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Using Lpp1 = w cosh? ug we may write [',; as

I, = ((70149 + sinh® ug Yo123) — sinhug sin(¢ — Bo) (Y0142 — Yo139)

cosh? ug

—sinh ug cos(¢ — ¢o) (Vo143 + 70129))- (C.12)

After some algebra we get from ([C.9)

(14 7y2389)e1 = 0,
(1 + 72389)62 = 0. (C.13)

The preserved supersymmetries ([C.13) are the same as those preserved by a maximally
supersymmetric surface operator Oy, in N' =4 SYM (see for e.g. ).

D. Gauge transformation on V'

As mentioned in the main text, the one-form (@) is determined up to an exact form by
1
Y
geometry, we need to add to V ({.]) an exact one-form

solving the equation dV = L xx dz. In order to get a manifestly asymptotically AdSs x S°

V -V +dw. (D.1)

The exact form is given up to O(1/R*)

2 2\ o
M1 . ﬁ/f: 215 C08 b — xp1 5in ¢ ﬁ/f: (mu — xm) sin 2a — 2x; 12 2 cos 2
YT T YT 25in0R - 4sin? O R
M xf’l sin 3o + xf’2 cos 3o — 3:El21l‘l72 cos 3o — 3:17171:17122 sin 3o o 1 (D.2)
_ ’ ) : : +0O (= ). (D.
; 6 sin® O R3 R?

where we have used the coordinates in (1.2(). In computing the correlation functions of
surface operators Oy, with local operators using the “bubbling” supergravity solution, we
have used this expression for V.
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